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What is Virtual Element Method ?

FEM Polygonal Meshes VEM
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A Pegasus?
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Motivation

Computational Efficiency
Virtual element method offers flexibility in mesh generation and adaptivity.
Super–convergent gradient recovery.
Efficient recovery of gradient, involves inverting a diagonal matrix.
Mixed method for fourth order problem relaxes continuity requirement on the
approximation.
Efficient recovery of solution (involves inverting diagonal matrices) with good
approximation properties.
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Poisson Problem
Let Ω ⊂ R2 be a bounded domain. Let ∂Ω denote the boundary of the domain. We consider
the Poisson problem

−∆u = f in Ω,

subject to the boundary conditions
u = g on ∂Ω.

Weak Formulation
The weak formulation of the problem is to find u ∈ H1(Ω) such that

a(u, v) := (∇u,∇v) = (f, v)

for all v ∈ H1
0 (Ω), where (·, ·) denotes the L2–innerproduct on Ω.
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Projection operators I
Let Th be a non-overlapping decomposition of polygons K and

ṼK =
{
v ∈ H1(K) ∩ C0(∂K) | ∆v ∈ P1(K), v|e ∈ P1(e) ∀e ∈ ∂K

}
.

The Ritz–projection
We define the Ritz–projection operator Π∇

K : ṼK → P1(K)(
∇Π∇

Kv,∇p
)
K

= (∇v,∇p)K and P0(Π
∇
Kv) = P0(v)

for all p ∈ P1(K) and

P0(v) =
1

nv

nv∑
i=1

v(Vi).

Balaje UoN
MWNDEA



Introduction Gradient recovery Mixed virtual element method Numerical results References

Projection operators II

The enriched local virtual element space WK is given by

WK =
{
v ∈ ṼK |

(
Π∇

Kv, p
)
K

= (v, p)K , ∀p ∈ P1(K)
}
,

The L2–projection
Define the L2–projection Π0

K :WK → P1(K) as(
Π0

Kv, p
)
K

= (v, p)K , ∀p ∈ P1(K).

Balaje UoN
MWNDEA



Introduction Gradient recovery Mixed virtual element method Numerical results References

The global space Vh is given by the assembly of the local spaces,

Vh =
{
v ∈ H1(Ω) : v|K ∈WK ∀K ∈ Th

}
.

Discrete Weak Formulation
The discrete weak formulation of the problem is to find uh ∈ Vh such that

ah(uh, vh) = f(vh)

for all vh ∈ Vh.
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Discrete bilinear forms

We have

ah(u, v) =
∑

K∈Th

aKh (u, v), mh(u, v) =
∑

K∈Th

mK
h (u, v)

where

aKh (u, v) =
(
∇Π∇

Ku,∇Π∇
Kv
)
K
+

nv∑
i=1

dofi(u−Π∇
Ku) dofi(v −Π∇

Kv)

mK
h (u, v) =

(
Π0

Ku,Π
0
Kv
)
K
+ |K|

nv∑
i=1

dofi(u−Π0
Ku) dofi(v −Π0

Kv)
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Equivalent L2 and H1 norms

It can be shown that the bilinear forms are bounded and coercive (Vacca, G. and Beirão da
Veiga, L., 2015). For any function w ∈ Vh, define

∥w∥0,h =
√
mh(w,w),

|w|1,h =
√
ah(w,w).

The discrete norms are equivalent to the L2 and H1 norms.
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Gradient recovery
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Gradient Recovery

Bi-orthogonal bases:

Let Mh = span{µ1, µ2, · · · , µN} be a space where µj satisfies the bi–orthogonal relation(
Π0

Kφi, Π
0
Kµj

)
K

= cjδij

Gradient Recovery:

For (x1, x2) = (x, y), the gradient recovery operator projects ∇uh by finding
gkh = Qh(∂uh/∂xk) ∈ Vh such that

∑
K

(
Π0

Kg
h
k , Π

0
Kµj

)
K

=
∑
K

(
∂(Π0

Kuh)

∂xk
,Π0

Kµj

)
K
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Kalyanaraman et al. (2019)
A gradient recovery method based on an oblique projection for virtual element method.
ANZIAM Journal, 60, 187-200.

Theorem
(Stability) For v ∈ L2(Ω), we have

∥Qhv∥0,h ≤ ∥v∥0,h,

and for w ∈ H1(Ω), we have

|Qhv|1,h ≤ |v|1,h.
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We have

DK
ij =

∫
K

Π0
Kφi Π

0
Kµj =

∫
K

(
nk∑
α=1

siαmα

)
Π0

Kµj ,

=

nk∑
α=1

siα

∫
K

mα Π0
Kµj ,

=

nk∑
α=1

siα

nv∑
k=1

dofk(mα)

(∫
K

φk Π0
Kµj

)
.

In matrix form

DK =
(
DK MΠ0

∗
)
.
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Gradient recovery - Redefined

Bi–orthogonal bases:
Let Mh = span{µ1, µ2, · · · , µN} be a space where µj satisfies the bi–orthogonal relation∫

K

φiµj = cjδij ∀K ∈ Th.

Gradient recovery:
For (x1, x2) = (x, y), the gradient recovery operator projects ∇uh by finding
gkh = Qh(∂uh/∂xk) ∈ Vh such that

∑
K

(
gkh, µj

)
K

=
∑
K

(
∂uh
∂xk

, µj

)
K
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Left hand side

On any element K, we have

∑
K

(
gkh, µj

)
K

=
∑
K

nv∑
i=1

dofi
(
gkh
)
(φi, µj)K .

Left hand side
Assembling the local system, we have the left hand side equal to

D g⃗k

where D is the assembled matrix from the bi–orthogonal relation.
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Right hand side

The right hand side yields

∑
K

(
∂uh
∂xk

, µj

)
K

=
∑
K

nv∑
i=1

dofi (uh)
(
∂φi

∂xk
, µj

)
K

.

The right hand side
We split the left hand side by writing φi = Π0

Kφi + (I −Π0
K)φi as(

∂φi

∂xk
, µj

)
K

=

(
∂Π0

Kφi

∂xk
, µj

)
K

+

(
∂
(
I −Π0

K

)
φi

∂xk
, µj

)
K
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Consistency term

(
∂φi

∂xk
, µj

)
K

≈
(
∂Π0

Kφi

∂xk
, µj

)
K︸ ︷︷ ︸

Consistency term

+
|K|
hK

(
nv∑

m=1

dofm
((

I −Π0
K

)
φi

)
dofm(µj)

)
︸ ︷︷ ︸

Stability Term

Consistency term
Consistency term is computed exactly. In matrix form,(

∂Π0
Kφi

∂xk
, µj

)
K

:=
[
DK Mk Π

0
∗

]
= QK

k

where [Mk]αm = dofm
(

∂mα

∂xk

)
.
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Stability term
Stability term is found from the bi–orthogonality relation and is approximated.

cjδij =

∫
K

φiµj =

∫
K

(Π0
Kφi)µj︸ ︷︷ ︸

:=Computed Exactly

+

∫
K

(
(I −Π0

K)φi

)
µj︸ ︷︷ ︸

:=Approximated

.

In matrix form, we have
DK = QK

0 + |K|SK .

Stability term
Thus we have

SK =
1

|K|

(
DK − QK

0

)
.
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Thus, we have in the right hand side of the gradient recovery equation(
∂φi

∂xk
, µj

)
K

= QK
k +

1

hK

(
DK − QK

0

)
,

= GK
k ,

which can be computed without the explicit knowledge of the bi–orthogonal bases.

Right hand side
Thus assembling the elemental matrices over all the elements, we have the right hand side

Gk u⃗h

where the vector u⃗h is the global virtual element solution.
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The gradient recovery
Thus, the gradient recovery can be performed by solving the linear system

D g⃗k = Gk u⃗h,

or
g⃗k =

(
D−1Gk

)
u⃗h.

for k = 1, 2. The matrix D is diagonal and can be inverted easily.
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Mixed virtual element method
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Mixed virtual element method
We consider the bi–harmonic equation subject to clamped boundary condition,

∆2u = f in Ω

u =
∂u

∂n
= 0 on ∂Ω

We split the fourth order problem as follows:

∆u = ϕ,

ϕ = p,

∆p = f

and

u =
∂u

∂n
= 0
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Weak formulation

Following Lamichhane (2011), we find ((u, ϕ), p) ∈ V ×H1(Ω) such that

a ((u, ϕ), (v, ψ)) + b ((v, ψ), p) = (f, v)

b ((u, ϕ), q) = 0

for all ((v, ψ), q) ∈ V ×H1(Ω), where V = H1
0 (Ω)× L2(Ω) and

a((u, ϕ), (v, ψ)) = (ϕ, ψ),

b((v, ψ), q) = (∇v,∇q) + (ψ, q).
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Discrete weak formulation
Find ((uh, ϕh), ph) ∈ Sh × Vh such that

mh(ϕh, ψh) + bh((vh, ψh), ph) = fh(vh),

bh((uh, ϕh), qh) = 0.

for all ((vh, ψh), qh) ∈ Sh × Vh where Sh = Vh ×Mh and

bh ((vh, ψh), ph) = ah(vh, ph) +mh(ψh, ph).

Definition of Mh

We define the space Mh = span {µ1, µ2, · · · , µN} such that

(φi, µj)K = cjδij ∀K ∈ Th,

where Vh = span {φ1, φ2, · · · , φN}.
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Linear system

Associate the matrices

K → ah(vh, ph), D → mh(ψh, ph), M → mh(ϕh, ψh),

respectively. The solution can be obtained by solving(
KT (D−1)T M D−1K

)
uh = f
ϕh = −

(
D−1K

)
uh

ph = −
(
(D−1)T M

)
ϕh
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Coercivity of the bilinear form

Define the Kernel space of the bilinear form bh as

KerBh = {(vh, ψh) ∈ Vh ×Mh : bh((vh, ψh), qh) = 0 for all qh ∈ Vh}

Theorem
There exists a positive constant C such that

mh(ϕh, ϕh) ≥ C
(
|uh|21,h + ∥ϕh∥20,h

)
for all (uh, ϕh) ∈ KerBh.

This requires the coercivity of the bilinear form mh which is guaranteed by the addition
of stability term.
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Numerical Results
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Gradient recovery

Model Problem
Consider the model problem

−∆u = f in Ω = [0, 1]2

u = 0 on ∂Ω.

with f = 2π2 sin(πx) sin(πy). The exact solution is given by u(x, y) = sin(πx) sin(πy).
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Linear virtual element method
Square meshes.
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Linear virtual element method
Voronoi meshes.
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Square mesh
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Square mesh - Interior
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Voronoi mesh
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Voronoi mesh - Interior
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Mixed virtual element method

Model problem
Consider the model problem

∆2u = f in Ω = [0, 1]2

u =
∂u

∂n
= 0 on ∂Ω.

The exact solution is given by u(x, y) = (ex + (x+ 1)ey) x2y2(1− x)2(1− y)2.
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Solution (u, ϕ) without stability term.
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Solution (u, ϕ) with stability term.
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Rates of convergence - Square
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Rates of convergence - Voronoi
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