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Abstract

We define and quantify the instrumental value of conceptual knowledge. Such knowl-

edge tells agents how unknown, payoff-relevant states relate. It is distinct from the

statistical knowledge gained from data on those states. We formalize this distinction

in a Bayesian decision framework with Gaussian priors and quadratic losses. Concep-

tual knowledge is valuable because it empowers agents to collect more valuable data.

It is more valuable when states are more “reducible”: when they can be explained

with fewer common concepts. Its value is non-monotone in sample size and vanishes

when samples have infinite size. Agents who know more concepts can attain the same

payoffs with less data. This is especially true when states are highly reducible.
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1 Introduction

Humans use mental models to make sense of the world (Johnson-Laird, 1983). The build-

ing blocks of these models are “concepts”: mental representations we use to describe ob-

jects and how they relate (Murphy, 2002). Understanding these relationships allows us to

use information about one object to draw inferences about another (Mitchell, 2021).

This paper studies the interaction between the conceptual knowledge embedded in men-

tal models and the statistical knowledge gained from data. It is well-known that data are

instrumentally valuable insofar as they contain payoff-relevant information (Howard, 1966;

Raiffa and Schlaifer, 1961). We ask: when and why are concepts valuable?

An illustrative example. Suppose a farmer wants to learn which fertilizers to apply to

his crops. He views fertilizers as “black boxes,” knowing that they help crops grow but

not why. He does not know how fertilizers’ effects relate and cannot extrapolate one from

another’s. So when he tries fertilizers to learn their effects, he has to try them separately.

Now suppose the farmer knows fertilizers supply nitrogen, a nutrient that helps crops

grow. This tells him how fertilizers’ effects relate: they share a common “nitrogen com-

ponent.” He can use this component to extrapolate one fertilizer’s effect from another’s.

Moreover, when he tries different fertilizers to learn their effects, he can combine them to

isolate the nitrogen component. This is better than trying each fertilizer separately because

it allows him to learn their effects from one trial rather than many.

Nitrogen is a mental construct—the farmer cannot see it. All he can see are the effects of

using different fertilizers. Yet his knowledge of the concept “nitrogen” allows him to learn

more efficiently. It empowers him to run trials that are more informative and instrumentally

valuable.1 How much more valuable is a quantity we define and characterize in this paper.

We call this quantity the “value of conceptual knowledge.”

We also quantify the value of having “deeper” knowledge. For example, beyond know-

ing that fertilizers supply nitrogen, the farmer may know nitrogen is present in different

forms (e.g., ammonium and nitrate) that become available to plants at different rates. Then

he can reason not only in terms of a “nitrogen component” but also a deeper “release rate

component.” This allows the farmer to extract more value from each trial and obtain the

same payoffs with fewer trials. We study how many fewer in this paper.

1Knowing about nitrogen also enables out-of-sample prediction: once the farmer learns the nitrogen com-
ponent, he can predict the effect of any nitrogen-containing fertilizer he has not tried.
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Contributions. We make three contributions. First, we describe what it means to “know

concepts” and define their instrumental value. Our definition builds on that of the value of

information (Howard, 1966; Raiffa and Schlaifer, 1961): whereas information is valuable

because it leads to better decisions, conceptual knowledge is valuable because it leads to

better information.

Second, we characterize the value of conceptual knowledge in a Bayesian decision

framework with Gaussian priors and quadratic losses. This framework admits a closed-

form expression for the value of optimally acquired information, allowing us to analyze

and clarify how and why this value changes. Moreover, our focus on a specific decision

problem allows us to generate insights and intuitions that are not immediate from studying

abstract problems (as in, e.g., Blackwell (1951, 1953) and Whitmeyer (2026)).2

Third, we use our framework to formalize what it means to have “deeper” conceptual

knowledge. This allows us to compare the marginal values of having deeper knowledge

and having more data. It also recognizes conceptual knowledge as an economic good one

may acquire in the same way information is a good one acquires. In this way, we advance

the literature on learning and information acquisition that treats conceptual knowledge as

fixed and minimally restrictive (e.g., Bardhi, 2024; Callander, 2011; Schwartzstein, 2014).

Model and results. We consider a Bayesian agent who collects a sample of observations

before taking actions. Each observation is a noisy signal of a linear combination of un-

known, payoff-relevant states. The agent chooses these combinations based on his prior

beliefs about the state vector. These beliefs encode his conceptual knowledge: the eigen-

vectors of the prior variance matrix represent concepts, and the corresponding eigenvalues

measure concepts’ explanatory power. An agent with conceptual knowledge knows which

concepts explain more of the states’ variance—intuitively, he can do principal component

analysis (hereafter “PCA”) before seeing any data. This “pre-data PCA” leads him to col-

lect more valuable data because he focuses on the dimensions that matter most. In contrast,

a naïve agent with no conceptual knowledge cannot focus on these dimensions. The value

of conceptual knowledge equals the gain in maximal sample value from knowing which

dimensions to focus on.

We establish three main results. First, conceptual knowledge is more valuable when

states are more “reducible”: when their prior variances are explained by fewer common

2For example, our non-monotonicity result (Theorem 2) could not be derived from Blackwell (1951, 1953)
or Whitmeyer’s (2026) frameworks without imposing more structure on them.
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concepts (Theorem 1). Formally, this happens when the eigenvalues of the prior variance

matrix are more spread out. If the states are explained by a single concept, then the agent

gains a lot from knowing that concept and focusing on it when he collects data (i.e., “asking

the right question”). In contrast, if every concept has the same explanatory power, then the

agent gains nothing from knowing those concepts because he designs the same sample as

he would if he was naïve.

Second, the value of conceptual knowledge is non-monotone in sample size and van-

ishes as this size grows without bound (Theorem 2). If the agent has more data, then he

can learn more from them, raising the value gain from knowing which concepts to focus

on. However, having more data also prompts him to broaden his focus, lowering the gain

from knowing which concepts to focus on. The first effect dominates the second when the

sample size is small. As it becomes large, the agent’s posterior becomes independent of

his prior, and so the conceptual knowledge embedded in his prior becomes irrelevant and

loses its instrumental value. Intuitively, if he has infinite data, then he does not benefit from

doing “pre-data PCA” because he can do traditional (post-data) PCA.

Third, an agent with “deeper” conceptual knowledge (i.e., who knows more principal

components of the prior variance matrix) can attain the same payoffs with less data (Theo-

rem 3). This is especially true when states are highly reducible. Then the agent can extract

more value from each observation, lowering the number they need to attain a given payoff.

These theoretical results are consistent with empirical evidence. In Sankar et al. (2025),

we experimentally study the effect of sharing relevant concepts with farmers who observe

data on fertilizer outcomes. We compare farmers given concepts and data to farmers given

data only, and find that farmers given concepts make more profitable decisions. This vali-

dates our theoretical prediction that conceptual knowledge makes data more valuable.

Our results also bear on comparisons between human and machine intelligence. Hu-

mans devise concepts that unite seemingly unrelated phenomena: Newton devised a con-

cept (gravity) that unites apples falling on Earth with the orbits of other planets; Watson

and Crick devised a concept (DNA) that unites crime scene investigation with the origins of

domesticated rice; Bernoulli devised a concept (risk aversion) that unites choices in poker

with choices between insurance policies. These and other concepts allow humans to gen-

eralize (Mitchell, 2021) and learn from limited data (Tenenbaum et al., 2011). In contrast,

machines rely on recognizing patterns in large sets of data (Goodfellow et al., 2016; Halevy

et al., 2009). Our results capture this asymmetry: conceptual knowledge compensates for

data scarcity (Theorem 3), but loses its value when data are abundant (Theorem 2).
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Roadmap. Section 2 elaborates on our example of a farmer learning about fertilizers.

Section 3 presents our theoretical framework. Section 4 shows how information is opti-

mally acquired in our framework. Section 5 defines and characterizes the value of con-

ceptual knowledge. Section 6 formalizes our notion of “deeper” knowledge, and compares

having deeper knowledge to having more data. Section 7 discusses our modeling assump-

tions and related literatures. Section 8 concludes. Appendix A contains proofs of our

mathematical claims.

A prior version of this paper (Davies and Sankar, 2026) contains additional discussions

and results.

2 An illustrative example

We begin with an example inspired by our empirical work in Uganda (Sankar et al., 2025),

which shows that conceptual knowledge helps farmers learn about fertilizers.

Environment. A Bayesian farmer wants to learn the effect θk ∈ R of applying fertil-

izer k ∈ {1, 2} to his crops. His prior on θ ≡ (θ1, θ2) is a normal distribution with vari-

ance V(θ). He observes the outcome

y = θ1w1 + θ2w2 + u

of using w1 ∈ R more units of fertilizer 1 and w2 ∈ R more units of fertilizer 2.3 The

vector w = (w1, w2) has Euclidean length ∥w∥ = 1 and the error u ∈ R is independently

normally distributed with variance σ2
u > 0.4 It captures the randomness in y due to variation

in unobserved factors.

The farmer’s data S ≡ {(w, y)} comprise the vector w and outcome y. These data are

valuable insofar as they make the farmer’s beliefs about θ more precise. We measure the

value of S via the mean difference

π(S) ≡ 1

2

2∑
k=1

(V(θk)− V(θk | S))

between the prior and posterior variances of θ1 and θ2.5

3We interpret negative values of wk as using less of fertilizer k than the farmer uses currently.
4We fix ∥w∥ = 1 so that only the direction of w (and not its magnitude) affects the informativeness of y.
5In Section 3.1, we derive π(S) as the value of information in a more general decision problem.
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The farmer chooses the weight vector w that maximizes π(S). Intuitively, he chooses

the combination of fertilizers that teaches him as much as possible about their effects. That

he can only choose one combination reflects the scarcity and cost of relevant data: our

Ugandan setting is one of many where humans must learn from limited data.

Conceptual knowledge. The farmer knows the two fertilizers supply equal amounts of

nitrogen, a nutrient that helps crops grow. He cannot see or touch nitrogen; it is a mental

construct. But he can use his conceptual knowledge of nitrogen to express each fertilizer’s

effect θk as the sum of a common “nitrogen effect” and an orthogonal “other effect.” He

encodes these effects by the scalars

γ1 ≡
θ1 + θ2√

2
and γ2 ≡

θ1 − θ2√
2

,

allowing him to express the effect vector

θ = γ1v1 + γ2v2

as a linear combination of two unit vectors

v1 =
1√
2

[
1

1

]
and v2 =

1√
2

[
1

−1

]
.

These vectors form an orthonormal basis for the Euclidean space R2 containing θ. The

common and other effects γ1 and γ2 are the coordinates of θ over this basis.

The farmer knows v1 and v2, but does not know γ1 or γ2. Knowing v1 and v2 makes

learning θ equivalent to learning γ ≡ (γ1, γ2). So he does not have to learn each fertilizer’s

effect separately; instead, he can learn the common nitrogen effect and extrapolate the

overall effects. This helps because he only has one observation (w, y) from which to infer

two unknowns θ1 and θ2. Knowing how these unknowns relate (via v1 and v2) allows him

to learn about both at the same time by choosing w appropriately.

The farmer’s choice of w depends on the relative contributions of γ1 and γ2 to the prior

variances of θ1 and θ2. He knows γ1 contributes more: the fertilizers’ effects are mostly

determined by how much nitrogen they supply. So he assumes γ1 and γ2 are independently

distributed with variances λ1 = σ2(1 + ρ) and λ2 = σ2(1− ρ). The sum

λ1 + λ2 = V
(
θ1 + θ2√

2

)
+ V

(
θ1 − θ2√

2

)
= V(θ1) + V(θ2)
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of these variances equals the sum of the prior variances of θ1 and θ2, and ρ ∈ [0, 1) deter-

mines the share
λ1

λ1 + λ2

=
1 + ρ

2

of this sum contributed by γ1. This share equals 1/2 when ρ = 0, in which case γ1 and γ2

contribute equally. It equals one in the limit as ρ → 1, in which case only γ1 contributes.

Given the specifications of (v1, v2) and (λ1, λ2), the effect vector θ has prior variance

V(θ) = σ2

[
1 ρ

ρ 1

]
. (1)

Thus θ1 and θ2 have equal prior variances σ2 and correlation ρ. Intuitively, the more θ1

and θ2 are determined by the common effect γ1 of supplying nitrogen, the more likely they

are to have similar values.

The prior variance matrix (1) has eigendecomposition

V(θ) = λ1v1v
T
1 + λ2v2v

T
2 .

Each eigenvalue λk equals the prior variance of θ in the direction of the corresponding

eigenvector vk. So θ has the most prior variance in the direction of v1 and the least in the

direction of v2.

Value of information. The value π(S) of S = {(w, y)} is largest when w = ±v1 and

smallest when w = ±v2 (see Corollary 1). For example, choosing w = v1 makes y = γ1+u

a “pure signal” of the common nitrogen effect γ1. This makes S maximally valuable

because it provides information about the component of θ with the most prior variance,

leading to the largest difference between prior and posterior variances. In contrast, choos-

ing w = v2 makes y = γ2 + u a pure signal of the other effect γ2. This makes S minimally

valuable because it provides information about the component of θ with the least prior

variance, leading to the smallest difference between prior and posterior variances.

Value of conceptual knowledge. The data S have maximal value

π∗ ≡ max
∥w∥=1

π(S).

The farmer attains π∗ by choosing w = ±v1; that is, by combining fertilizers so as to

isolate their common nitrogen effect. This choice relies on his conceptual knowledge that
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the nitrogen effect (i) exists, (ii) corresponds to the eigenvector v1, and (iii) explains most

of the fertilizer effects’ prior variances. Without this knowledge, the farmer would have

no way to represent each fertilizer’s effect θk as the sum of components with differential

contributions to its prior variance. So he would assume equal contributions (i.e., ρ = 0)

and his data would have maximal value

π(0) ≡ max
∥w∥=1

[
π(S)

∣∣
ρ=0

]
.

The difference

Π ≡ π∗ − π(0)

between π∗ and π(0) captures the value of the farmer’s conceptual knowledge: the value of

knowing about nitrogen and using this knowledge to make his data more valuable.

The value Π of the farmer’s conceptual knowledge is larger when ρ is larger.6,7 Intu-

itively, if most of fertilizers’ effects come from supplying nitrogen, then the farmer can

refine his prior a lot by isolating the nitrogen effect when he tries fertilizers. We formal-

ize this intuition in Section 5, and generalize it to a setting in which S has arbitrary size

and θ has arbitrary length. In this setting, conceptual knowledge is more valuable when the

eigenvalues of the prior variance matrix V(θ) are more spread out (see Theorem 1). This

is why raising ρ raises Π: it raises λ1 = (1 + ρ)σ2 and lowers λ2 = (1 − ρ)σ2 without

changing their mean (λ1 + λ2)/2 = σ2.

3 Framework

We consider a Bayesian agent who collects data before making a statistical decision. This

section describes the agent’s environment and his conceptual knowledge of it.

3.1 Environment

Prior. There is a true but unknown vector θ ≡ (θ1, . . . , θK) of real-valued states. The

agent’s prior on θ is a probability distribution P over the K-dimensional Euclidean space RK .
6We have

π∗ =
(1 + ρ)2σ4

2((1 + ρ)σ2 + σ2
u)

and π(0) =
σ4

2(σ2 + σ2
u)

by Corollary 1 and the definition of π(0). So ∂π∗/∂ρ > 0 and ∂π(0)/∂ρ = 0, implying ∂Π/∂ρ > 0.
7For example, the correlation ρ will be close to one when the fertilizers supply nitrogen only, and close to

zero when their nutrient profiles are very different.
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This distribution is normal with known mean µ ∈ RK and variance matrix Σ ∈ RK×K :

P = N (µ,Σ).

We assume K ≥ 2 is finite and Σ is invertible.

The agent derives P from his conceptual knowledge about θ. We describe this knowl-

edge in Section 3.2.

Sample. The agent observes a sample S ≡ {(w(i), y(i))}ni=1 of finite size n. Each ob-

servation comprises a “covariate” w(i) ∈ RK with Euclidean length ∥w(i)∥ = 1,8 and an

“outcome”

y(i) = θTw(i) + u(i) (2)

equal to the sum of

θTw(i) =
K∑
k=1

θkw
(i)
k

and an independently normally distributed error u(i) with mean zero and variance σ2
u > 0.

Thus, each outcome y(i) provides a noisy signal of a weighted combination of states, where

the weights are determined by the covariate w(i) ≡ (w
(i)
1 , . . . , w

(i)
K ).

Actions and losses. The agent uses his prior P, the sample S, and Bayes’ rule to form

posterior beliefs about θ. Then he chooses a vector a ≡ (a1, . . . , aK) of real-valued actions.

These actions induce a loss

L(θ, a) ≡ 1

K

K∑
k=1

(ak − θk)
2

equal to the mean squared difference between them and the corresponding states.

Let E and V take expectations and variances with respect to the prior distribution P.

The agent chooses the action vector that minimizes his posterior expected loss:9

a ∈ argmin
a′∈RK

E[L(θ, a′) | S]. (3)

8Assuming the covariates have unit length normalizes the scales of the signals y(1), . . . , y(n) so that only
the directions of w(1), . . . , w(n) (and not their magnitudes) affect signals’ informativeness. It also ensures the
Gram matrix (12) always has trace n (see Footnote 13). This allows us to associate optimal samples of size n
with a unique Gram matrix (21).

9In Davies and Sankar (2026, Section A1), we show that the choice problem (3) is equivalent to a predic-
tion problem that arises in the machine and statistical learning literatures.
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Intuitively, the agent wants to estimate the states θ1, . . . , θK accurately, and the accuracy of

his estimates a1, . . . , aK is determined by their squared errors (ak − θk)
2.

Lemma 1 characterizes the optimal action vector (3) and the posterior expected loss it

induces. This vector equals the posterior mean of θ. It induces a posterior expected loss

equal to the mean of the posterior variances of θ1, . . . , θK .

Lemma 1. The optimal action vector a = E[θ | S] induces posterior expected loss

min
a′∈RK

E[L(θ, a′) | S] = 1

K

K∑
k=1

V(θk | S). (4)

Value of S. If the agent did not observe the sample S, then his minimized prior and

posterior expected losses would be equal. The information in S is instrumentally valuable

because it helps the agent take actions with lower expected losses. Accordingly, we define

the “value of S” to be the difference between his minimized prior and posterior expected

losses:

π(S) ≡ min
a′∈RK

E[L(θ, a′)]− min
a′∈RK

E[L(θ, a′) | S]. (5)

Substituting (4) into (5) yields an expression for π(S) in terms of the states’ prior and

posterior variances:

π(S) = 1

K

K∑
k=1

(V(θk)− V(θk | S)). (6)

Intuitively, the sample is valuable insofar as it lowers states’ variances, allowing the agent

to estimate them more accurately.

Since the states θ1, . . . , θK and signals y(1), . . . , y(n) are jointly normally distributed,

the posterior variance V(θk | S) depends on S only via the covariates w(1), . . . , w(n) (see

Section 4.1). We assume the agent chooses these covariates to maximize π(S) subject to

the length constraints ∥w(i)∥ = 1.

3.2 Conceptual knowledge

Mental model and concepts. Our definition of conceptual knowledge draws upon psy-

chologists’ and cognitive scientists’: concepts are the building blocks of mental models

(Johnson-Laird, 1983), are used to describe objects and how they relate (Murphy, 2002),

and allow humans to generalize across objects (Mitchell, 2021). Accordingly, our agent’s
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conceptual knowledge allows him to describe the states θ1, . . . , θK and how they relate. It

gives him a mental model of

θ =
K∑
k=1

γkvk (7)

as an unknown combination of known vectors v1, . . . , vK ∈ RK . We call these vectors

“concepts.” They are the building blocks of the agent’s mental model. They capture his

environment’s generalizable structure: each state θj depends on the j th component of vk
via an unknown coefficient γk ∈ R that is independent of j. This allows the agent to

generalize across states: signals of θ1 provide information about γ1, . . . , γK , from which

he can extrapolate θ2, . . . , θK .

For example, suppose θ1, . . . , θK represent the effects of applying different fertilizers.

Then v1, . . . , vK could encode nutrient quantities and γ1, . . . , γK the fertilizer-invariant

effects of supplying different nutrients. If a farmer learns one fertilizer’s overall effect,

then he can extrapolate the others’ via their joint dependence on γ1, . . . , γK .

For convenience and without loss of generality, we assume v1, . . . , vK are orthonormal

for the remainder of the paper.

Eigendecomposition. The agent does not know the coefficients γ1, . . . , γK , but he knows

some contribute more to states’ prior variances than others. Specifically, he knows each

coefficient γk is independently distributed with prior variance λk > 0 non-increasing in k.10

Then θ has prior variance

Σ = V ΛV T

=
K∑
k=1

λkvkv
T
k , (8)

where

Λ ≡


λ1

. . .

λK


10 It is without loss of generality to assume γ1, . . . , γK are independently distributed. This is because Λ

is positive-semidefinite, and so, by the spectral theorem, there is an orthogonal matrix A ∈ RK×K and
diagonal matrix Λ′ ∈ RK×K such that Λ = AΛ′AT . Then V ′ ≡ V A is orthogonal and Σ has eigendecom-
position V ′Λ′(V ′)T , so we can carry out our analysis by replacing V with V ′ and Λ with Λ′.
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is the K ×K diagonal matrix with entries λ1 ≥ · · · ≥ λK ≥ 0 and

V ≡
[
v1 · · · vK

]
is the K ×K orthogonal matrix with columns v1, . . . , vK .

Equation (8) is an eigendecomposition of Σ. The kth largest eigenvalue λk = V(γk)
of Σ equals the prior variance of θ in the direction of the corresponding unit eigenvector vk.

The trace

tr(Σ) =
K∑
k=1

λk

of Σ equals the sum of the eigenvalues λ1, . . . , λK . So these eigenvalues’ mean

λ ≡ 1

K

K∑
k=1

λk

=
1

K

K∑
k=1

V(θk)

equals the mean of the states’ prior variances. The ratio λk/ tr(Σ) equals the share of these

variances contributed by γk. If the shares contributed by γ1, . . . , γK are equal, then λk =

tr(Σ)/K = λ is constant in k and so Σ = V ΛV T is proportional to K × K identity

matrix IK :

V
(
λIK

)
V T = λIK .

In contrast, if λ1/ tr(Σ) ≈ 1, then γ1 contributes most of the states’ prior variances.

Intuitively, the agent does “pre-data” principal component analysis. PCA is a dimen-

sion reduction technique that projects a distribution onto its highest variance dimensions.

Traditional PCA estimates these dimensions from data. In contrast, our agent derives them

from his conceptual knowledge: he knows which dimensions have the highest variance

before observing any data.

Reducibility. The distribution of λ1, . . . , λK around their mean λ = tr(Σ)/K captures

the states’ “reducibility.” They are more “reducible” when their prior variances are ex-

plained by fewer common concepts: when λ1, . . . , λK are more spread out around λ. The

agent’s conceptual knowledge allows him to “reduce” the state vector θ by representing it

as a low-dimensional combination of higher-dimensional concepts.
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We formalize what it means for λ1, . . . , λK to be “more spread out” as follows. Define

their (empirical) cumulative distribution function (hereafter “CDF”) by

F (z) =
|{k ∈ {1, . . . , K} : λk ≤ z}|

K
(9)

for all z > 0. A “mean-preserving spread” (hereafter “MPS”) of F is a CDF F ′ such that

(i) The distributions described by F and F ′ have the same mean:∫ ∞

0

z dF (z) =

∫ ∞

0

z dF ′(z).

(ii) For all z > 0, the area under F ′ from 0 to z is at least the area under F from 0 to z:∫ z

0

(F ′(t)− F (t)) dt ≥ 0.

These are the “integral conditions” defined by Rothschild and Stiglitz (1970). Condition (ii)

says that F ′ has more weight in its tails than F , capturing how F ′ is more spread out.

We say λ1, . . . , λK “undergo a MPS” (and so the states become “more reducible”) when

their CDF (9) undergoes a MPS. This changes the trace of the posterior variance matrix

without changing the trace of Σ. So if λ1, . . . , λK undergo a MPS, then the agent’s posterior

expected loss changes but his prior expected loss λ does not. This makes MPSs useful for

analyzing how the value π(S) of the sample S depends on the distribution of λ1, . . . , λK .

We discuss this dependence in Section 5.

Naïve baseline. If the agent had no conceptual knowledge—i.e., if he did not have a

mental model of θ as a combination of concepts with different explanatory powers—then

he would not be able to reduce states in the manner described above. His prior variance

matrix

Σ(0) ≡ λIK

would equal the matrix that obtains when λk = λ for each k ∈ {1, . . . , K}. We call

P(0) ≡ N (µ,Σ(0))

the “naïve” prior because it ignores the covariances among states stemming from their

dependence on common concepts.
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3.3 Example with pairwise correlated states

Finally, we give an example of how the prior variance matrix Σ encodes the agent’s con-

ceptual knowledge of the states.11

Suppose the agent knows each state θk has two components: a common component

that is proportional to the states’ mean and an idiosyncratic component that is independent

across states. He encodes the common component by the unit vector

v1 =
1√
K

1K ,

where 1K ≡ (1, . . . , 1) is the K-vector of ones. He encodes the idiosyncratic components

by unit vectors v2, . . . , vK that are orthogonal to v1 and each other. The kth coefficient γk
in (7) has prior variance

λk = σ2

1 + ρ(K − 1) if k = 1

1− ρ if k > 1,
(10)

where σ2 > 0 is the mean of λ1, . . . , λK and where ρ ∈ [0, 1) determines the share

λ1

λ1 + · · ·+ λK

=
1

K
+ ρ

(
1− 1

K

)
of the prior variances of θ1, . . . , θK contributed by the coefficient γ1 on v1. This share

equals 1/K when ρ = 0, in which case λk is constant in k and so γ1, . . . , γK contribute

to the prior variances of θ1, . . . , θK equally. It equals one in the limit as ρ → 1, in which

case only γ1 contributes. As ρ rises, the prior distribution of θ becomes more concentrated

along the subspace of RK spanned by v1, and so the states become “more reducible” in the

sense described in Section 3.2.12

11This example generalizes the setting described in Section 2. It builds Σ from first principles, starting with
the eigenvalues and eigenvectors. In Davies and Sankar (2026, Section 3.2), we provide a second example
that builds Σ from knowledge of how the states are generated, implying specific eigenvalues and eigenvectors.

12Indeed, the eigenvalues λ1, . . . , λK defined by (10) have kth partial sum

k∑
j=1

λj = (k + ρ(K − k))σ2,

which is increasing in ρ when k < K and constant in ρ when k = K. Thus, by Lemma A1, these eigenvalues
undergo a MPS when ρ rises.
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Since v1, . . . , vK are orthonormal, the sum of their outer products equals the K × K

identity matrix IK . So the prior variance matrix

Σ = λ1v1v
T
1 + λK

(
IK − v1v

T
1

)
= ρσ21K1

T
K + (1− ρ)σ2IK

= σ2


1 ρ · · ·
ρ 1
... . . .

 (11)

is the K×K matrix with diagonal entries equal to σ2 and off-diagonal entries equal to ρσ2.

Thus, under the agent’s prior, the states have equal variances σ2 and pairwise correlations ρ.

4 Designing the sample S

This section describes the maximally valuable design of the sample S ≡ {(w(i), y(i))}ni=1.

First, we derive sharp bounds on the value π(S) of S. Second, we describe how the agent

can choose w(1), . . . , w(n) to attain the upper bound on π(S). Finally, we characterize the

sample designed by a “naïve” agent who lacks conceptual knowledge.

4.1 Bounds on π(S)

We can express the value (6) of S in terms of the traces of the prior and posterior variance

matrices:

π(S) = 1

K
(tr(Σ)− tr(V(θ | S))).

Lemma 2 characterizes V(θ | S) in terms of the prior variance matrix Σ and “Gram matrix”

G ≡
n∑

i=1

w(i)(w(i))T . (12)

Lemma 2. The state vector has posterior variance

V(θ | S) =
(
Σ−1 +

1

σ2
u

G

)−1

. (13)
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The Gram matrix (12) is symmetric and positive semi-definite. So, by the spectral

theorem, there is a K ×K diagonal matrix

∆ ≡


δ1

. . .

δK


with entries δ1 ≥ · · · ≥ δK ≥ 0 and a K ×K orthogonal matrix

Ω =
[
ω1 · · · ωK

]
such that

G = Ω∆ΩT

=
K∑
k=1

δkωkω
T
k . (14)

Then δ1, . . . , δK are the eigenvalues of G and ω1, . . . , ωK ∈ RK are the corresponding unit

eigenvectors. Proposition 1 uses the eigendecompositions (8) and (14) of the prior variance

and Gram matrices to provide sharp bounds on π(S).

Proposition 1. The value π(S) of S satisfies

1

K

K∑
k=1

(
λk −

(
1

λk

+
δK−k+1

σ2
u

)−1
)

⋆

≤ π(S)
⋆⋆

≤ 1

K

K∑
k=1

(
λk −

(
1

λk

+
δk
σ2
u

)−1
)
, (15)

where ⋆ holds with equality if ωk = vK−k+1 for each k ∈ {1, . . . , K} and ⋆⋆ holds with

equality if ωk = vk for each k ∈ {1, . . . , K}.

Proposition 1 says that the sample S is most valuable when the eigenvectors of Σ and G

are maximally “aligned”: when vk = ωk for each k ∈ {1, . . . , K} and hence V = Ω.

Then S contains more information about components of θ with larger prior variances. In

contrast, the sample is least valuable when the eigenvectors of Σ and G are maximally “mis-

aligned”: when vk = ωK−k+1 for each k ∈ {1, . . . , K}. Then S contains less information

about components of θ with larger prior variances.

For example, suppose S = {(w(1), y(1))} contains a single observation. Then the Gram

matrix G = w(1)(w(1))T has eigenvalues δ1 = 1 and δ2 = · · · = δK = 0. Substituting them

into (15) gives us bounds on the value of S:
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Corollary 1. Suppose S = {(w(1), y(1))} contains one observation. Then its value π(S)
satisfies

λ2
K

K(λK + σ2
u)

⋆

≤ π(S)
⋆⋆

≤ λ2
1

K(λ1 + σ2
u)
, (16)

where ⋆ holds with equality if Σw(1) = λKw
(1) and ⋆⋆ holds with equality if Σw(1) =

λ1w
(1).

The value of a sample with size n = 1 is largest when w(1) is an eigenvector of Σ with

corresponding eigenvalue λ1 = max{λ1, . . . , λK}. The value is smallest when w(1) is an

eigenvector of Σ with corresponding eigenvalue λK = min{λ1, . . . , λK}. Intuitively, the

more “weight” w(1) puts on directions in which the prior variance of θ is large, the more

valuable it is to observe (w(1), y(1)) because the larger is the variance reduction it delivers.

4.2 Optimal samples

Suppose the eigenvectors of Σ and G are maximally aligned (and hence V = Ω). Then, by

Proposition 1, the value π(S) of S rises when the trace

tr(V(θ | S)) =
K∑
k=1

(
1

λk

+
δk
σ2
u

)−1

of the posterior variance matrix falls. This trace depends on the eigenvalues δ1, . . . , δK of

the Gram matrix G, which are non-negative, non-increasing, and sum to n.13 So π(S) is

maximized when δ1, . . . , δK solve

min
δ1,...,δK∈R

K∑
k=1

(
1

λk

+
δk
σ2
u

)−1

subject to δ1 ≥ . . . ≥ δK ≥ 0 and
K∑
k=1

δk = n. (17)

Proposition 2 describes a solution to (17). It uses the integer

R∗ ≡ max

{
k ∈ {1, . . . , K} :

k∑
j=1

1

λj

+
n

σ2
u

≥ k

λk

}
(18)

13 Indeed
K∑

k=1

δk = tr(G) = tr

(
n∑

i=1

w(i)(w(1))T

)
⋆
=

n∑
i=1

tr
(
(w(i))Tw(i)

)
⋆⋆
= n,

where ⋆ uses the linearity and cyclic property of matrix traces, and ⋆⋆ uses the fact that ∥w(i)∥ = 1 for each i.
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to provide a sharp upper bound

π∗ ≡ 1

K

 R∗∑
k=1

λk − (R∗)2

(
R∗∑
k=1

1

λk

+
n

σ2
u

)−1
 (19)

on the value of S.

Proposition 2. Define

δ∗k ≡


n
R∗ + σ2

u

(
1
R∗

∑R∗

j=1
1
λj

− 1
λk

)
if k ≤ R∗

0 if k > R∗
(20)

for each k ∈ {1, . . . , K}. Then δ∗1, . . . , δ
∗
K solve (17). Moreover, we have π(S) ≤ π∗ with

equality if S induces the Gram matrix

G =
K∑
k=1

δ∗kvkv
T
k . (21)

We call the sample S “optimal” if it induces the Gram matrix (21). The agent can con-

struct such a sample as follows: for each k ∈ {1, . . . , K}, collect δ∗k observations with co-

variate vk.14 Then the outcomes y(1), . . . , y(n) are pure signals of the coefficients γ1, . . . , γK .

For example, suppose w(1) = v1. Then, since v1, . . . , vK are orthonormal, we have

y(1) = θTw(1) + u(1)

=

(
K∑
k=1

γkvk

)T

v1 + u(1)

= γ1 + u(1)

An optimal sample contains pure signals of the coefficients γ1, . . . , γR∗ that contribute

most to the states’ prior variances. In contrast, it provides no information about the coef-

ficients γR∗+1, . . . , γK that contribute least to the states’ prior variances. Thus, the agent

optimally focuses on the coefficients that “matter” and ignores those that do not. The num-

ber R∗ that “matter” grows as the sample size n grows. We call R∗ the “rank” of an optimal

sample because it is the rank of the Gram matrix (21).

14This may be infeasible for two reasons: (i) the eigenvalues δ∗1 , . . . , δ
∗
K may not be integers; (ii) the agent

may not be able to choose v1, . . . , vK as covariates (since, e.g., it would require him to combine negative
quantities of fertilizers). We abstract from these issues for convenience and expositional clarity.
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If S is optimal, then the posterior variance matrix V(θ | S) has kth largest eigenvalue(
1

λk

+
δ∗k
σ2
u

)−1

=

R∗
(∑R∗

j=1
1
λj

+ n
σ2
u

)−1

if k ≤ R∗

λk if k > R∗.

This eigenvalue equals the posterior variance of the unknown coefficient γk. So if S is op-

timal, then it equates the posterior variances of γ1, . . . , γR∗ to each other and the posterior

variances of γR∗+1, . . . , γK to their prior variances. Intuitively, the agent has a target vari-

ance and designs S so as to bring the posterior variances of γ1, . . . , γK below that target.

4.3 Naïve baseline

Now suppose the agent lacks conceptual knowledge and, consequently, uses the “naïve”

prior P(0) defined in Section 3.2. Then the state vector θ has prior variance Σ(0) = λIK , a

matrix with eigenvalues λ(0)
1 = · · · = λ

(0)
K = λ. So, by analogy to (18) and (19), the naïve

agent’s optimal sample has rank

R(0) ≡ max

{
k ∈ {1, . . . , K} :

k∑
j=1

1

λ
(0)
j

+
n

σ2
u

≥ k

λ
(0)
k

}
= K

and value

π(0) ≡ 1

K

R(0)∑
k=1

λ
(0)
k − (R(0))2

R(0)∑
k=1

1

λ
(0)
k

+
n

σ2
u

−1
= λ−

(
1

λ
+

n

Kσ2
u

)−1

.

This sample is equally informative about all components of the state vector θ: the optimal

Gram matrix (21) has equal (to n/K) eigenvalues. Intuitively, if the agent does not know

which concepts have more explanatory power, then he has no reason to prioritize some

components of θ over others when collecting data, and so he collects the same amount on

every component.

5 Value of conceptual knowledge

Whereas information is valuable insofar as it helps the agent make better decisions, concep-

tual knowledge is valuable insofar as it helps him obtain better information. We quantify
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this idea by comparing the information acquired by two agents:

(i) one who has conceptual knowledge and uses the true prior P;

(ii) one who lacks conceptual knowledge and uses the naïve prior P(0) (see Section 3.2).

The optimal samples designed by these agents have values π∗ and π(0). (See Sections 4.1–

4.3 for derivations of π∗ and π(0).) Their difference

Π ≡ π∗ − π(0)

measures how much knowing concepts empowers the agent to collect more valuable infor-

mation. Accordingly, we call Π the “value of conceptual knowledge.” It depends on the

eigenvalues λ1, . . . , λK of Σ and the sample size n (which jointly determine the rank R∗).

We characterize this dependence in Theorems 1 and 2.

Theorem 1. The value of conceptual knowledge

(i) is non-negative,

(ii) equals zero when the eigenvalues λ1, . . . , λK are equal, and

(iii) does not fall when λ1, . . . , λK undergo a mean-preserving spread.

Theorem 1 says that conceptual knowledge is more valuable when states are more re-

ducible. If a few common concepts explain most of states’ prior variances, then the agent

gains a lot from identifying those concepts via “pre-data PCA” and learning about the cor-

responding coefficients γ1, . . . , γR∗ (i.e., “asking the right questions”). In contrast, if every

concept has the same explanatory power, then the agent gains nothing from identifying

those concepts because he designs the same sample as he would if he was naïve.

Theorem 2. There is a finite threshold n′ ≥ 0 such that the value of conceptual knowl-

edge Π is increasing in the sample size n if and only if n < n′. Moreover,

lim
n→∞

Π = 0.

Theorem 2 says that the value of conceptual knowledge is non-monotone in the sample

size n. This is because raising n has two effects:

(i) it gives the agent more information about the unknown coefficients γ1, . . . , γR∗ , rais-

ing the gain from knowing which concepts to focus on;

20



(ii) it leads the agent to learn about more coefficients (i.e., it raises R∗), lowering the gain

from knowing which concepts to focus on.

The first effect dominates the second precisely when n < n′.

Theorem 2 also says that the value of conceptual knowledge vanishes as n grows with-

out bound. This is because the agent’s posterior becomes less dependent on his prior as n

grows and is independent in the limit as n → ∞. Intuitively, if the agent has infinite data,

then he does not benefit from doing “pre-data PCA” because he can do traditional (post-

data) PCA. Having access to unlimited data washes out the benefit of knowing what data

to collect.15

As an illustration of Theorems 1 and 2, consider the prior variance matrix (11) derived

in Section 3.3. Its eigenvalues are equal when ρ = 0 and undergo a MPS when ρ ∈ [0, 1)

rises. So, by Theorem 1, the value Π of conceptual knowledge equals zero when ρ = 0 and

is non-decreasing in ρ. Moreover, by Theorem 2, there is a threshold n′ ≥ 0 such that Π is

increasing in the sample size n if and only if n < n′. We characterize this threshold below.

Proposition 3. Suppose the states have equal prior variances σ2 > 0 and pairwise corre-

lation ρ ∈ [0, 1). Then the value Π of conceptual knowledge

(i) equals zero when ρ = 0,

(ii) is increasing in ρ, and

(iii) is increasing in the sample size n if and only if

n <
ρKσ2

u

(1 + ρ(K − 1))σ2
. (22)

Whereas Theorem 1 implies Π is non-decreasing in ρ, Proposition 3 says Π is increas-

ing in ρ. This is because Theorem 1 refers to an arbitrary MPS, which may not affect the

largest R∗ eigenvalues or, as a result, the value of an optimal sample. In contrast, the MPS

induced by raising ρ always affects the largest eigenvalue λ1 = (1 + ρ(K − 1))σ2 of (11).

15This washout relies on having unrestricted access: the agent must be able to choose covariates that span
the K-dimensional space containing θ. If the covariates do not span RK , then S may contain no information
about some high-variance components of θ, the agent’s posterior expected loss may be arbitrarily large, and
the value of S may be arbitrarily small. We illustrate this possibility in Davies and Sankar (2026, Section
A2.3).
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Figure 1: Values Π, π∗, and π(0) when θ has prior variance (11) and (K, σ2, σ2
u) = (5, 1, 10)

Figure 1 shows how Π depends on ρ and the sample size n. If ρ = 0, then the values π∗

and π(0) of the optimal samples collected by agents with and without conceptual knowledge

are equal, and so Π = 0 for all n > 0. In contrast, if ρ > 0, then π∗ > π(0) for all n > 0

and hence Π > 0 for all n > 0. Both π∗ and π(0) grow as n grows, and π∗ grows faster if

and only if (22) holds. Thus Π = π∗ − π(0) is increasing in n if and only if (22) holds.

6 Deeper conceptual knowledge

This section extends our notion of conceptual knowledge to one of “deeper” knowledge.

We suppose the agent knows some, but not all, of the relevant concepts, and refer to the

“depth” of his knowledge as the number he knows. This gives us a language for comparing

the values of conceptual and statistical knowledge: would the agent rather know more

concepts or have more data?

6.1 J-deep conceptual knowledge

We formalize our notion of “deeper” conceptual knowledge as follows. Suppose the agent

knows the trace

tr(Σ) =
K∑
k=1

λk

of the true prior variance matrix Σ and its first J ∈ {0, 1, . . . , K} eigenpairs (λk, vk), but

does not know the last (K − J) eigenpairs. Intuitively, he knows the J concepts with the
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most explanatory power, but does not know the (K − J) concepts with the least explana-

tory power. So he assumes the components of θ orthogonal to v1, . . . , vJ have equal prior

variances; specifically, he assumes θ has prior variance

Σ(J) =
∑
k≤J

λkvkv
T
k + λ

(J)
K

(
IK −

∑
k≤J

vkv
T
k

)
, (23)

where

λ
(J)
K ≡ 1

K − J

∑
k>J

λk

is the mean of the smallest (K−J) eigenvalues of Σ.16 The matrix (23) has the same trace

as Σ but (possibly) different eigenvalues; its kth largest eigenvalue

λ
(J)
k ≡

λk if k ≤ J

λ
(J)
K if k > J

equals that of Σ if and only if k ≤ J . The eigenvalues of Σ(J) have mean

1

K

K∑
k=1

λ
(J)
k = λ

independently of J . Likewise λ(0)
K = λ by definition. So Σ(0) = λIK is the naïve prior vari-

ance matrix discussed in Sections 3.2 and 4.3. The parameter J interpolates between Σ(0)

and Σ(K) = Σ. It captures the “depth” of the agent’s conceptual knowledge: the larger is J ,

the more concepts he knows and the richer is his mental model of θ.17

We say the agent has “J-deep conceptual knowledge” if his prior on θ has variance Σ(J).

Suppose he has such knowledge and designs an optimal sample. Then, by analogy to (18)

and (19), this sample has rank

R(J) ≡ max

{
k ∈ {1, . . . , K} :

k∑
j=1

1

λ
(J)
j

+
n

σ2
u

≥ k

λ
(J)
k

}
16If J = K, then the bracketed term in (23) equals zero and λ

(K)
K can be defined arbitrarily. We set λ(K)

K ≡
λK .

17Since λ1 ≥ · · · ≥ λK (by assumption), there are non-increasing returns to knowing more concepts
(i.e., increasing J): each additional concept contributes a non-increasing share of states’ prior variances.
Intuitively, the agent prioritizes discovering concepts with more explanatory power (e.g., he reads textbooks
that provide “high-level summaries” before “digging into the details”).
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and value

π(J) ≡ 1

K

R(J)∑
k=1

λ
(J)
k −

(
R(J)

)2R(J)∑
k=1

1

λ
(J)
k

+
n

σ2
u

−1.

For example, letting J = 0 yields the rank R(0) and value π(0) of an optimal sample col-

lected by a naïve agent (see Section 4.3). We refer to the difference

Π(J) ≡ π(J) − π(0)

between π(J) and π(0) as the “value of J-deep conceptual knowledge.”

Proposition 4 says that deeper knowledge is (weakly) more valuable. Intuitively, know-

ing more concepts allows the agent to design samples that provide more payoff-relevant

information.

Proposition 4. The value of J-deep conceptual knowledge

(i) is non-negative,

(ii) equals zero when J = 0,

(iii) is non-decreasing in J , and

(iv) equals the value of full (i.e., K-deep) knowledge when J ≥ R∗.

The value of J-deep conceptual knowledge is bounded above by the value Π(K) = Π of

“full” knowledge, and attains this bound when J ≥ R∗. Thus, the agent gains no additional

value from knowing more than the R∗ concepts with the most explanatory power. This is

because he ignores the other (K−R∗) concepts when he designs samples (see Lemma A7),

so knowing those concepts does not change his optimal sample.

For example, suppose the true prior variance matrix Σ has kth largest eigenvalue

λk =
Kα(1− α)k−1

1− (1− α)K

with 0 < α < 1. Then λ1, . . . , λK are strictly positive, have mean λ = 1, are constant in

the limit as α → 0, and get more spread out as α rises.18 This parameter determines the
18For each k ∈ {1, . . . ,K} we have λk → 1 as α → 0 by L’Hôpital’s rule. Moreover, the partial sum

k∑
j=1

λk =
K
(
1− (1− α)k

)
1− (1− α)K

is non-decreasing in α and is constant in α when k = K. So, by Lemma A1, the eigenvalues λ1, . . . , λK

undergo a MPS when α rises.
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Figure 2: Value Π(J) when λk+1 = (1− α)λk and (K, σ2
u, λ) = (100, 1, 1)

rate
λk+1 − λk

λk

= −α

at which λk decays as k grows. Intuitively, the larger is α, the faster concepts’ marginal

explanatory power falls. Thus, if α is larger, then states are more reducible.

Figure 2 shows how Π(J) depends on J and α when (K, σ2
u) = (100, 1, 1). It is increas-

ing in J when J < R∗ and constant in J when J ≥ R∗. It is increasing in α, consistent with

Theorem 1: conceptual knowledge is more valuable when states are more reducible. Like-

wise Π(J) is non-monotone in n, consistent with Theorem 2: raising n allows the agent to

learn more about the “in-sample” coefficients γ1, . . . , γR(J) (raising Π(J)), but also prompts

him to expand his sample and learn about more coefficients (lowering Π(J)).

6.2 More concepts or more data?

Finally, we compare the marginal values of knowing more concepts (i.e., increasing the

depth J) and having more data (i.e., increasing the sample size n).

Suppose the agent has J-deep conceptual knowledge and designs an optimal sample

of size n. The value π(J) of this sample is larger when his minimized posterior expected

loss (4) is smaller. Suppose he has a target value π0 ≥ 0 and let

n(J)
π0

≡ min{n ≥ 0 : π(J) ≥ π0}

be the minimum sample size necessary to attain this value. This size is smaller when the

agent knows more concepts and when states are more reducible:
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Figure 3: Minimum sample sizes n(J)
π0 when λk+1 = (1−α)λk and (K, σ2

u, λ) = (100, 1, 1)

Theorem 3. The minimum sample size n
(J)
π0 necessary to design a sample with value π0

(i) is non-increasing in the depth J of the agent’s conceptual knowledge and

(ii) does not rise when the eigenvalues λ1, . . . , λK undergo a mean-preserving spread.

Theorem 3 says that if the agent knows more concepts, then he can attain the same

payoffs with less data, especially when states are highly reducible. This is because he can

design better samples and extract more value from each observation, lowering the number

he needs to attain the target π0.

For example, suppose the true eigenvalues λ1, . . . , λK have mean λ = 1 and decay at

rate α as in Section 6.1. Figure 3 shows how the minimum sample size n(J)
π0 depends on the

target value π0 and depth J when (K, σ2
u) = (100, 1). Given π0, the size n

(J)
π0 is decreasing

in J when J < R∗ and constant in J when J ≥ R∗. Intuitively, if the agent knows too few

concepts, then he cannot design samples that focus on all of the “right” concepts. Giving

him more concepts empowers him to design better samples, extract more value from each

observation, and require fewer observations to attain π0. However, once he knows enough

concepts, giving him more does not change how he designs samples or the marginal value

of each observation. Then the only way to obtain more valuable data is to obtain more data,

thus making n
(J)
π0 constant in J ≥ R∗.

The curves in Figure 3 are indifference curves: they trace of sets of depth-size pairs (J, n)

that allow the agent to attain different value targets π0. The slope of each curve equals the

marginal rate of substitution (hereafter “MRS”) between concepts and data. Intuitively, this
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MRS captures the number of observations the agent would give up to know another con-

cept. When J is large, the MRS equals zero because the learning another concept does not

change the agent’s optimal sample (see Section 6.1). However, when J is small, Figure 3

shows that the MRS rises in absolute value when α rises: the marginal concept is “worth

more observations” when states are more reducible.

7 Discussion

7.1 Modeling assumptions

We assume states and outcomes are jointly normally distributed under the agent’s prior,

and that his actions are real-valued and induce quadratic losses. This setup is ubiquitous

in the literature on statistical decisions (Hastie et al., 2009). It is also implicit in empirical

economics papers that estimate linear models via Ordinary Least Squares. Our agent has a

linear model (7) of the unknown state vector. If his prior is uninformative, then his optimal

actions equal the estimates obtained via OLS.

We also assume the agent knows how states covary a priori. This separates the con-

ceptual knowledge embedded in his prior from the statistical knowledge he infers from

his sample. The assumption allows us to measure the agent’s conceptual and statistical

knowledge on independent scales, and to study their relative contributions to his payoffs.

Finally, we assume there is a correct model of the agent’s environment (i.e., a true prior

variance matrix) that he can know at different “depths.” This separates our paper from the

literatures on model uncertainty (Chatfield, 1995; Marinacci, 2015) and mis-specification

(Esponda and Pouzo, 2016; Spiegler, 2016), which study agents who do not know the

correct model or use an incorrect model. Our analysis complements those literatures: rather

than asking “what if the agent does not know the correct model,” we ask “what does he gain

from knowing the correct model?”

7.2 Related literatures

Value of information. Seminal work by Blackwell (1951, 1953) establishes an order

over information sources: one is more informative than another if it produces a sufficient

statistic for the other’s information. Howard (1966) and Raiffa and Schlaifer (1961) link

informativeness to instrumental value, defining the “value of information” as the gain in
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expected payoffs it delivers. More recently, Brooks et al. (2024) extend Blackwell’s or-

der to settings with multiple sources, Frankel and Kamenica (2019) characterize measures

of information’s value, and Whitmeyer (2026) studies value-increasing transformations in

abstract decision problems.19

Our contribution is to illustrate why some information is more valuable than others,

focusing on a specific decision problem relevant to economists and statisticians. We show

that the value of a sample depends on its alignment with the conceptual structure encoded

by the prior variance matrix. Proposition 1 provides sharp bounds: a sample is most (least)

valuable when the eigenvectors of the induced Gram and prior variance matrices are maxi-

mally aligned (mis-aligned). Proposition 2 characterizes the design of maximally valuable

samples, showing that they focus on dimensions with the most prior variance. Theorem 1

quantifies how much this focus raises samples’ value. Theorem 2 shows that the gain is

non-monotonic in sample size—a result made possible by our modeling assumptions (i.e.,

Gaussian priors and quadratic losses) and consequent tractability.

Model-based inference. Economists (e.g., Koopmans, 1947; Lucas, 1976; Wolpin, 2013),

statisticians (e.g., Cox, 1990), and computer scientists (e.g., Wolpert, 1996) emphasize the

importance of models for interpreting data. Manski (2003) shows formally that data alone

are insufficient for inference: one must also make assumptions about the data-generating

process (i.e., impose a model).

In our framework, a model specifies which components of the states vary together (the

eigenvectors v1, . . . , vK) and how much variance each component contributes (the eigen-

values λ1, . . . , λK). The depth parameter J interpolates between a diffuse model (J = 0),

a partial model (J < K), and a complete model (J = K). Thus J is an alternative to

Fudenberg et al.’s (2022) measure of model “completeness.” Theorem 3 characterizes the

trade-off between having a more complete model and having more data. This complements

work by Dominitz and Manski (2017), who study the trade-off between having more data

and “better” data. We also rationalize Mailath and Samuelson’s (2020, p. 1463) claim

that “people work with models that are deliberately incomplete, including the most salient

variables and excluding others.” Our agent optimally focuses on high-variance dimensions

(Proposition 2) and may not benefit from knowing about more than a few (Proposition 4).

19Others study information’s value in specific decision problems. For example, Lehmann (1988) and Athey
and Levin (2018) study its value in monotone decision problems, Persico (2000) studies its value in auctions,
and Cabrales et al. (2013) study its value in investment decisions.
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Human cognition. Murphy (2002) explains how humans build mental models from con-

cepts, while Tenenbaum et al. (2011) and Mitchell (2021) discuss how concepts help hu-

mans generalize. We embed these ideas in a Bayesian decision framework. Our agent has

a mental model of states as combinations of concepts. This allows him to generalize: he

can use signals of one state to make inferences about another.

Ilut and Valchev (2025) offer a different framework. They isolate two learning modes—

“abstract reasoning” and “integrating experience”—analogous to our notions of conceptual

and statistical knowledge. Ilut and Valchev study a dynamic setting, and focus on the

“learning traps” that arise from reasoning too little or having the wrong data. In contrast,

we study a static setting, and focus on the benefits of reasoning correctly and having the

“right” data.

Whereas humans use concepts to learn from limited data (Tenenbaum et al., 2011), ma-

chines rely on recognizing patterns in large sets of data (Goodfellow et al., 2016; Halevy

et al., 2009). Our framework formalizes this distinction: conceptual knowledge compen-

sates for data scarcity (Theorem 3) but loses its value when data are abundant (Theorem 2).

Iakovlev and Liang (2025) obtain a similar washout result in a different framework. Ours

offers additional insight: the value of conceptual knowledge rises before it falls, changing

direction at the threshold n′ identified in Theorem 2.

8 Conclusion

This paper defines the “value of conceptual knowledge,” and quantifies it in a Bayesian

decision framework with Gaussian priors and quadratic losses. We show that conceptual

knowledge aids information acquisition in a static, single-agent setting. One could extend

our analysis to a dynamic and/or multi-agent setting. This would support a theory of how

concepts are discovered and facilitate social learning. One could also use our framework

to develop a consumer choice theory of concepts and data—we study their relative values,

but not their relative costs.
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A Proofs

Many of our proofs invoke the following lemma, which connects mean-preserving spreads

to majorization.

Lemma A1. Let λk > 0 and λ′
k > 0 be non-increasing in k ∈ {1, . . . , K}, and let F

and F ′ be their CDFs defined as in (9). The following are equivalent:

(i) F ′ is a mean-preserving spread of F .

(ii)
∑K

k=1 g(λ
′
k) ≥

∑K
k=1 g(λk) for all convex functions g : (0,∞) → R.

(iii)
∑k

j=1 λ
′
j ≥

∑k
j=1 λj for each k ∈ {1, . . . , K}, with equality when k = K.

(iv)
∑K

j=k λ
′
j ≤

∑K
j=k λj for each k ∈ {1, . . . , K}, with equality when k = 1.

Proof. The result follows from establishing three equivalences:

1. (i) ⇐⇒ (ii). Rothschild and Stiglitz (1970, Theorem 2) show that (i) is equivalent to

(ii’)
∫∞
0

g(z) dF ′(z) ≥
∫∞
0

g(z) dF (z) for all convex functions g : (0,∞) → R,

which is equivalent to (ii) by the definitions of F and F ′.

2. (ii) ⇐⇒ (iii). Consider the K-vectors λ′ ≡ (λ′
1, . . . , λ

′
K) and λ ≡ (λ1, . . . , λK).

Arnold (1987, Theorem 2.9) shows that (ii) holds precisely when λ′ majorizes λ. But

the components of λ′ and λ are non-increasing, and so λ′ majorizes λ if and only

if (iii) holds.

3. (iii) ⇐⇒ (iv). For each k ∈ {1, . . . , K} we have

k∑
j=1

λ′
j −

k∑
j=1

λj =

(
K∑
j=1

λ′
j −

∑
j>k

λ′
j

)
−

(
K∑
j=1

λj −
∑
j>k

λj

)

=

(
K∑
j=1

λ′
j −

K∑
j=1

λj

)
−

(∑
j>k

λ′
j −

∑
j>k

λj

)
,

from which it follows that (iii) and (iv) are equivalent.
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A.1 Proof of Lemma 1

We have

E[L(θ, a′) | S] = 1

K

K∑
k=1

E
[
(θk − a′k)

2 | S
]

=
1

K

K∑
k=1

(
(E[θk | S]− a′k)

2
+ V(θk | S)

)
for all a′ ∈ RK . So E[L(θ, a′) | S] attains its minimum value

min
a′∈RK

E[L(θ, a′) | S] = 1

K

K∑
k=1

V(θk | S)

when a′k = E[θk | S] for each k ∈ {1, . . . , K}.

A.2 Proof of Lemma 2

Our proof of Lemma 2 uses a well-known property of normally distributed random vari-

ables.

Lemma A2. Let n1 ≥ 1 and n2 ≥ 1 be integers, and let z ∈ Rn1+n2 be normally distributed

with mean µ and variance Σ. Partition z = (z1, z2) into vectors z1 ∈ Rn1 and z2 ∈ Rn2 ,

and let µ = (µ1, µ2) and

Σ =

[
Σ11 Σ12

Σ21 Σ22

]
be the corresponding partitions of µ and Σ. If Σ22 is invertible, then

z1 | z2 ∼ N
(
µ1 + Σ12Σ

−1
22 (z2 − µ2), Σ11 − Σ12Σ

−1
22 Σ21

)
.

Proof. See Bishop (2006, p. 87) or DeGroot (2004, p. 55).

Proof of Lemma 2. Let y ≡ (y(1), . . . , y(n)) and u ≡ (u(1), . . . , u(n)) be the n-vectors of

outcomes and errors, and let

W ≡
[
w(1) · · · w(n)

]T
be the n×K design matrix. Then we can write (2) in vector form as

y ≡ Wθ + u.
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Consider the concatenation of θ and y. It is normally distributed with variance

V

([
θ

y

]
| W

)
=

[
Σ ΣW T

WΣ WΣW T + σ2
uIn

]
under the agent’s prior. Since observing S is equivalent to observing W and y, Lemma A2

implies

V(θ | S) = V(θ | W, y)

= Σ− ΣW T
(
WΣW T + σ2

uIn
)−1

WΣ

=

(
Σ−1 +

1

σ2
u

G

)−1

because G = W TW .

A.3 Proof of Proposition 1

Our proof of Proposition 1 uses the following fact about sums of real, symmetric matrices.

Lemma A3. Let n ≥ 1 be an integer, let A ∈ Rn×n and B ∈ Rn×n be symmetric ma-

trices with eigenvalues a1 ≥ · · · ≥ an and b1 ≥ · · · ≥ bn, and let C = A + B have

eigenvalues c1 ≥ · · · ≥ cn. Then

k∑
j=1

(aj + bn−j+1) ≤
k∑

j=1

cj ≤
k∑

j=1

(aj + bj)

for each k ∈ {1, . . . , n}, with equality when k = n.

Proof. See Horn and Johnson (2012, Theorem 4.3.47).

Proof of Proposition 1. Now

π(S) = 1

K

(
tr(Σ)− tr

((
Σ−1 +

1

σ2
u

G

)−1
))

by Lemma 2. Moreover, defining Z ≡ V TΩ gives(
Σ−1 +

1

σ2
u

G

)−1

=

(
V Λ−1V T +

1

σ2
u

V V TΩ∆ΩTV V T

)−1

= V

(
Λ−1 +

1

σ2
u

Z∆ZT

)−1

V T
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and hence

tr

((
Σ−1 +

1

σ2
u

G

)−1
)

= tr

((
Λ−1 +

1

σ2
u

Z∆ZT

)−1
)

by the orthogonality of V and the cyclic property of matrix traces. So (15) is equivalent to
K∑
k=1

(
1

λk

+
δk
σ2
u

)−1
⋆⋆

≤ tr

((
Λ−1 +

1

σ2
u

Z∆ZT

)−1
)

⋆

≤
K∑
k=1

(
1

λk

+
δK−k+1

σ2
u

)−1

. (A1)

Now Λ−1 is real, symmetric, and positive definite. It has kth largest eigenvalue ak ≡
1/λK−k+1 > 0. Moreover, since Z is orthogonal, the matrix

B ≡ 1

σ2
u

Z∆ZT

is real, symmetric, and positive semi-definite. It has kth largest eigenvalue bk ≡ δk/σ
2
u ≥ 0.

Define c∗∗k ≡ ak+bK−k+1 > 0 and c∗k ≡ ak+bk > 0 for each k ∈ {1, . . . , K}, and consider

the matrix C ≡ Λ−1 +B with kth largest eigenvalue ck. This matrix is positive definite and

so ck > 0 for each k. Moreover, by Lemma A3, we have
k∑

j=1

c∗∗j ≤
k∑

j=1

cj ≤
k∑

j=1

c∗j

for each k ∈ {1, . . . , K}, with equality when k = K.

Now define g(z) ≡ 1/z for all z > 0. Then g : (0,∞) → R is convex. So, by

Lemma A1, we have
K∑
k=1

1

c∗∗k
≤

K∑
k=1

1

ck
≤

K∑
k=1

1

c∗k
. (A2)

But
K∑
k=1

1

c∗∗k
=

K∑
k=1

(
1

λk

+
δk
σ2
u

)−1

and
K∑
k=1

1

c∗k
=

K∑
k=1

(
1

λk

+
δK−k+1

σ2
u

)−1

by the definitions of c∗∗1 , . . . , c∗∗K and c∗1, . . . , c
∗
K , and

K∑
k=1

1

ck
= tr

(
C−1

)
= tr

((
Λ−1 +

1

σ2
u

Z∆ZT

)−1
)
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by the definition of C. Substituting these expressions into (A2) yields (A1), from which (15)

follows.

It remains to show when the bounds ⋆ and ⋆⋆ hold with equality.

Suppose ωk = vK−k+1 for each k ∈ {1, . . . , K}. Then Z = V TΩ is the K × K

anti-diagonal matrix with jkth entry

Zjk =

1 if j + k = K + 1

0 if j + k ̸= K + 1.

So the inverse of

Λ−1 +
1

σ2
u

Z∆ZT = Λ−1 +
1

σ2
u


δK

. . .

δ1


has trace

tr

((
Λ−1 +

1

σ2
u

Z∆ZT

)−1
)

=
K∑
k=1

(
1

λk

+
δK−k+1

σ2
u

)−1

and thus ⋆ holds with equality.

Now suppose ωk = vk for each k ∈ {1, . . . , K}. Then Z is the K ×K identity matrix.

So the inverse of

Λ−1 +
1

σ2
u

Z∆ZT = Λ−1 +
1

σ2
u

∆

has trace

tr

((
Λ−1 +

1

σ2
u

Z∆ZT

)−1
)

=
K∑
k=1

(
1

λk

+
δk
σ2
u

)−1

and thus ⋆⋆ holds with equality.

A.4 Proof of Corollary 1

If n = 1, then the Gram matrix has eigenvalues δ1 = 1 and δ2 = · · · = δK = 0. So

K∑
k=1

(
λk −

(
1

λk

+
δK−k+1

σ2
u

)−1
)

=
K−1∑
k=1

(
λk −

(
1

λk

+ 0

)−1
)

+

(
λK −

(
1

λK

+
1

σ2
u

)−1
)

= 0 +
λ2
K

λK + σ2
u
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and
K∑
k=1

(
λk −

(
1

λk

+
δk
σ2
u

)−1
)

=

(
λ1 −

(
1

λ1

+
1

σ2
u

)−1
)

+
K∑
k=2

(
λk −

(
1

λk

+ 0

)−1
)

=
λ2
1

λ1 + σ2
u

+ 0.

Substituting these expressions into (15) yields (16). Moreover, Proposition 1 implies that ⋆

holds when w(1) is an eigenvector of Σ with corresponding eigenvalue λK , while ⋆⋆ holds

when it is an eigenvector with corresponding eigenvalue λ1.

A.5 Proof of Proposition 2

Consider the constrained minimization problem (17). We can ignore the constraint that δk
is non-increasing in k because it does not bind (see below). So the problem has Lagrangian

L ≡
K∑
k=1

(
1

λk

+
δk
σ2
u

)−1

−
K∑
k=1

ηkδk − η

(
n−

K∑
k=1

δk

)
,

where ηk ≥ 0 is the Lagrange multiplier on the non-negativity constraint δk ≥ 0 and η > 0

is the multiplier on the sum constraint. Now

∂2L
∂δj ∂δk

=


2
σ4
u

(
1
λk

+ δk
σ2
u

)−3

if j = k

0 if j ̸= k

for each pair (j, k) ∈ {1, . . . , K}2, from which it follows that L is convex in the vec-

tor (δ1, . . . , δK) whenever it has non-negative components. So if δ†1, . . . , δ
†
K solve (17),

then they satisfy the first-order conditions (FOCs)

0 =
∂L
∂δk

= − 1

σ2
u

(
1

λk

+
δ†k
σ2
u

)−2

− ηk + η,

complementary slackness conditions 0 = ηkδ
†
k, and sum constraint δ†1 + · · ·+ δ†K = n.

Suppose the non-negativity constraint on δk binds. Then the FOCs and complementary

slackness conditions imply

0 < ηk

= η − λ2
k

σ2
u

,
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which holds if and only if λk < σu
√
η. But η is strictly positive and λk is non-increasing

in k. So there is an integer k0 ∈ {1, . . . , K} such that δ†k > 0 if and only if k ≤ k0.

Suppose k ≤ k0. Then ηk = 0 and so the FOCs imply

σ2
u√
η
=

σ2
u

λk

+ δ†k.

The left-hand side is constant in k, from which it follows that

σ2
u

λ1

+ δ†1 =
σ2
u

λk

+ δ†k

and therefore

δ†k = δ†1 + σ2
u

(
1

λ1

− 1

λk

)
.

Then the sum constraint implies

n =

k0∑
k=1

(
δ†1 + σ2

u

(
1

λ1

− 1

λk

))

= k0δ
†
1 + σ2

u

k0∑
k=1

(
1

λ1

− 1

λk

)
.

Thus

δ†k =
1

k0

(
n− σ2

u

k0∑
j=1

(
1

λ1

− 1

λj

))
+ σ2

u

(
1

λ1

− 1

λk

)

=
n

k0
+ σ2

u

(
1

k0

k0∑
j=1

1

λj

− 1

λk

)
(A3)

for each k ≤ k0 and δ†k = 0 for each k > k0. Then the candidate solution δ†1, . . . , δ
†
K yields

minimized objective

K∑
k=1

(
1

λk

+
δ†k
σ2
u

)−1

=

k0∑
k=1

(
1

λk

+
1

σ2
u

(
n

k0
+ σ2

u

(
1

k0

k0∑
j=1

1

λj

− 1

λk

)))−1

+
∑
k>k0

(
1

λk

+ 0

)−1

= k2
0

(
k0∑
j=1

1

λj

+
n

σ2
u

)−1

+
∑
k>k0

λk. (A4)

The right-hand side (hereafter “RHS”) depends on k0, which determines δ†1, . . . , δ
†
K via (A3).

We show that the agent cannot do better than choose k0 = R∗. To see why, define

g(k) ≡
k∑

j=1

1

λj

+
n

σ2
u
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and

h(k) ≡ k2

g(k)
+
∑
j>k

λj

for each k ∈ {1, . . . , R∗}. Then g(k) = g(k − 1) + λ−1
k > λ−1

k and so

h(k)− h(k − 1) =
k2

g(k − 1) + λ−1
k

− (k − 1)2

g(k − 1)
− λk

= −
(
g(k)− kλ−1

k

)2(
g(k)− λ−1

k

)
g(k)λ−1

k

is non-positive. Thus h(k) is non-increasing in k. But the RHS of (A4) equals h(k0).

So (A4) is smallest at the largest k0 that induces a feasible solution δ†1, . . . , δ
∗
K via (A3).

Feasibility requires δ†k ≥ 0 with equality if and only if k > k0. This holds when k0 = R∗

but is violated when k0 > R∗; in the latter case, we have

δ†k0 =
n

k0
+ σ2

u

(
1

k0

k0∑
j=1

1

λj

− 1

λk0

)

≤ n

R∗ + σ2
u

(
1

R∗

R∗∑
j=1

1

λj

− 1

λR∗

)

<
n

R∗ + σ2
u

(
1

R∗

(
R∗

λR∗
− n

σ2
u

)
− 1

λR∗

)
= 0,

where the weak inequality holds because λk is non-increasing in k and the strict inequality

holds by the definition of R∗. Thus, the largest feasible choice is k0 = R∗. Then δ†k = δ∗k

for each k ∈ {1, . . . , K}; that is, the eigenvalues δ∗1, . . . , δ
∗
K defined by (20) solve (17).

They are non-increasing because λ1, . . . , λK are non-increasing. Moreover, Proposition 1

implies

π(S) ≤ 1

K

K∑
k=1

(
λk −

(
1

λk

+
δ∗k
σ2
u

)−1
)

=
1

K

 K∑
k=1

λk −

(R∗)2

(
R∗∑
j=1

1

λj

+
n

σ2
u

)−1

+
∑
k>R∗

λk


= π∗,

with equality if (21) holds.
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A.6 Proof of Theorem 1

Our proof of Theorem 1 invokes the following lemma.

Lemma A4. The value π∗ of an optimal sample does not fall when λ1, . . . , λK undergo a

MPS.

Proof. Now

R∗ ∈ argmin
k0∈{1,...,K}

k0

(
1

k0

(
k0∑
k=1

1

λk

+
n

σ2
u

))−1

+
∑
k>k0

λk


= argmax

k0∈{1,...,K}

 k0∑
k=1

λk − k2
0

(
k0∑
k=1

1

λk

+
n

σ2
u

)−1


from the proof of Proposition 2. So if λ1, . . . , λK undergo a MPS, then R∗ changes only

if doing so makes S more valuable. So it suffices to show that for fixed R∗, the MPS does

not lower the RHS of (19).

Let λ′
1 ≥ · · · ≥ λ′

K > 0 be the eigenvalues after the MPS. By Lemma A1, the difference

η ≡
R∗∑
k=1

λ′
k −

R∗∑
k=1

λk (A5)

is non-negative. The MPS raises the first bracketed term on the RHS of (19) by η. So it

suffices to show that the MPS lowers the second bracketed term by at most η:

(R∗)2

(
R∗∑
k=1

1

λ′
k

+
n

σ2
u

)−1

︸ ︷︷ ︸
S′

− (R∗)2

(
R∗∑
k=1

1

λk

+
n

σ2
u

)−1

︸ ︷︷ ︸
S

≤ η. (A6)

Consider the first term S ′ on the LHS of (A6). This term is largest when the harmonic sum

H ′ ≡
R∗∑
k=1

1

λ′
k

is smallest. Defining ηk ≡ λ′
k − λk for each k ∈ {1, . . . , K} gives

H ′ ≡
R∗∑
k=1

1

λk + ηk
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and η1 + · · ·+ ηR∗ = η. Lemma A1 implies

k∑
j=1

ηj ≥ 0

for each k ∈ {1, . . . , R∗}. Thus

H ′ ≥ H∗ ≡
R∗∑
k=1

1

λk + η∗k
,

where η∗1, . . . , η
∗
R∗ solve the constrained minimization problem

min
η1,...,ηR∗∈R

R∗∑
k=1

1

λk + ηk

subject to λk + ηk > 0 for each k ∈ {1, . . . , R∗},
k∑

j=1

ηj ≥ 0 for each k ∈ {1, . . . , R∗},

and
R∗∑
k=1

ηk = η.

(A7)

Setting λ′
k = λk+η∗k for each k ∈ {1, . . . , R∗} yields the “worst-case” MPS that maximizes

the first term S ′ on the LHS of (A6) given the difference (A5).

The differences η∗1, . . . , η
∗
R∗ that solve (A7) are non-negative. To see why, notice that η1 <

0 is infeasible and assume towards a contradiction that η∗ℓ < 0 ≤ min{η∗1, . . . , η∗ℓ−1} for

some ℓ > 1. Then

ℓ′ ≡ max{k ∈ {1, . . . , ℓ− 1} : η∗k > 0}

must exist, for otherwise η∗1, . . . , η
∗
R∗ would violate the constraint

ℓ∑
j=1

η∗k ≥ 0.

Defining

η†k ≡


η∗ℓ′ + η∗ℓ if k = ℓ′

0 if ℓ′ < k = ℓ

η∗k otherwise
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gives
k∑

j=1

η†j =


∑ℓ

j=1 η
∗
j if ℓ′ ≤ k ≤ ℓ∑k

j=1 η
∗
j otherwise

for each k ∈ {1, . . . , R∗}, from which it follows that η†1, . . . , η
†
R∗ are feasible. But λℓ′ ≥ λℓ

and η∗ℓ′ > 0, and so λℓ′ + η∗ℓ′ > λℓ > 0. Thus

1

λℓ′ + η∗ℓ′ + η∗ℓ
+

1

λℓ

<
1

λℓ′ + η∗ℓ′
+

1

λℓ + η∗ℓ

because g(z) ≡ 1/z is a strictly decreasing and convex function of z > 0. But then

R∗∑
k=1

1

λk + η†k
=
∑
k<ℓ′

1

λk + η∗k
+

1

λℓ′ + η∗ℓ′ + η∗ℓ
+

1

λℓ

+
∑
k>ℓ

1

λk + η∗k

<
1

λℓ′ + η∗ℓ′
+

1

λℓ + η∗ℓ
+
∑

k/∈{ℓ′,ℓ}

1

λk + η∗k

=
R∗∑
k=1

1

λk + η∗k
,

contradicting the optimality of η∗1, . . . , η
∗
R∗ . So they must be non-negative as ℓ cannot exist.

Finally, we use the non-negativity of η∗1, . . . , η
∗
R∗ to establish the upper bound (A6)

on (S ′ − S). Let k ∈ {1, . . . , R∗} and consider the derivative

∂S

∂λk

=

R∗

λk

(
R∗∑
k=1

1

λk

+
n

σ2
u

)−1
2

of S with respect to λk. This derivative is non-negative. It is also bounded above by one,

since
R∗∑
k=1

1

λk

+
n

σ2
u

≥ R∗

λk

by the definition of R∗. So S is a 1-Lipschitz function of λ1, . . . , λR∗: changing λk by ηk

changes S by at most |ηk|. Letting S∗ be the value of S that obtains from changing λk by η∗k

gives

S ′ − S
⋆

≤ S∗ − S

≤ |S∗ − S|

⋆⋆

≤
K∑
k=1

|η∗k|,
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where ⋆ uses the maximality of S∗ (induced by the minimality of H∗) and ⋆⋆ uses the Lip-

schitz property. But η∗1, . . . , η
∗
R∗ are non-negative and sum to η, from which the bound (A6)

follows:

S ′ − S ≤
K∑
k=1

η∗k

= η.

Proof of Theorem 1. It suffices to prove (ii) and (iii), which together imply (i). This is

because every distribution of λ1, . . . , λK is a MPS of the degenerate distribution under

which they are equal (to their mean λ).

Consider (ii). If λ1, . . . , λK are equal, then λk = λ for each k ∈ {1, . . . , K}, and

so R∗ = R(0) and π∗ = π(0) by definition. Thus Π ≡ π∗ − π(0) = 0.

Now consider (iii). The value π(0) of a naïve agent’s optimal sample depends on the

eigenvalues λ1, . . . , λK via their mean λ only. It does not change when λ1, . . . , λK undergo

a MPS. Since π∗ does not fall under the MPS (by Lemma A4), neither does Π ≡ π∗ −
π(0).

A.7 Proof of Theorem 2

First let τ ≡ (n/σ2
u)/(1/λ) = nλ/σ2

u index the precision of the data relative to the agent’s

prior. Then, by definition, his optimal sample has rank

R∗ = max

{
k ∈ {1, . . . , K} : λ

(
k

λk

−
k∑

j=1

1

λj

)
≤ τ

}

and value

π∗ =
λ

K

 R∗∑
k=1

λk

λ
− (R∗)2

(
R∗∑
k=1

λ

λk

+ τ

)−1
.

Moreover, the optimal sample collected by a naïve agent has rank R(0) = K and value

π(0) = λ−
(
1

λ
+

τ

Kλ

)−1

=
λτ

K + τ
.
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So the value of conceptual knowledge is

Π = π∗ − π(0)

=
λ

K

 R∗∑
k=1

λk

λ
− (R∗)2

(
R∗∑
k=1

λ

λk

+ τ

)−1

− Kτ

K + τ


Since τ is proportional to n, Theorem 2 is equivalent to the following result.

Theorem A1. Define τ ≡ nλ/σ2
u. There is a finite threshold τ ′ ≥ 0 such that Π is increas-

ing in τ if and only if τ < τ ′. Moreover,

lim
τ→∞

Π = 0.

Proof. Define

τk ≡ λ

(
k

λk

−
k∑

j=1

1

λj

)
for each k ∈ {1, . . . , K}. Then τ1 = 0, and for each k < K the difference

τk+1 − τk = kλ

(
1

λk+1

− 1

λk

)
is non-negative because λ > 0 and λk+1 ≤ λk. So τk is non-decreasing in k and hence

R∗ = max{k ∈ {1, . . . , K} : τk ≤ τ}

is non-decreasing in τ . Now define τK+1 ≡ ∞ and suppose τ ∈ [τk, τk+1) for some k ∈
{1, . . . , K}. Then R∗ = k and so

Π = Πk

≡ λ

K

 k∑
j=1

λj

λ
− k2

(
k∑

j=1

λ

λj

+ τ

)−1

− Kτ

K + τ

.

Each piece Πk is continuous in τ . Moreover, for each k < K the difference

Πk+1 − Πk = − λ

K

(k + 1)2

(
k+1∑
j=1

λ

λj

+ τ

)−1

− k2

(
k∑

j=1

λ

λj

+ τ

)−1

− λk+1

λ


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between consecutive pieces converges to zero as τ → τk+1. It follows that Π is continuous

in τ . So to determine whether Π is increasing or decreasing in τ , it suffices to analyze its

derivative

∂Πk

∂τ
=

λ

K

k2

(
k∑

j=1

λ

λj

+ τ

)−2

−
(

K

K + τ

)2
 (A8)

on each piece Πk.

Consider the final piece

ΠK =
λ

K

 K∑
j=1

λj

λ
−K2

(
K∑
j=1

λ

λj

+ τ

)−1

− Kτ

K + τ


= Kλ

 1

K + τ
−

(
K∑
j=1

λ

λj

+ τ

)−1
.

If λ1, . . . , λK are equal (i.e., if λ1 = λK), then λk = λ and τk = 0 for each k ∈ {1, . . . , K},

and so

Π

∣∣∣∣
λ1=λK

= ΠK

∣∣∣∣
λ1=λK

= Kλ

 1

K + τ
−

(
K∑
j=1

λ

λ
+ τ

)−1


= 0

for all τ ≥ 0. On the other hand, if λ1, . . . , λK are not equal (i.e., if λ1 > λK), then

K∑
j=1

λ

λj

>
Kλ

1
K

∑K
j=1 λj

= K

by Jensen’s inequality and the definition of λ, from which it follows that

∂ΠK

∂τ

∣∣∣∣
λ1>λK

= Kλ

( K∑
j=1

λ

λj

+ τ

)−2

−
(

1

K + τ

)2

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is strictly negative. Thus Π is non-increasing in τ whenever τ ≥ τK . Moreover,

lim
τ→∞

Π = lim
τ→∞

ΠK

= Kλ lim
τ→∞

 1

K + τ
−

(
K∑
j=1

λ

λj

+ τ

)−1


= 0.

So if λ1, . . . , λK are equal, then τK = 0 and the result follows from letting τ ′ = 0.

It remains to show that if λ1, . . . , λK are not equal, then there exists τ ′ ∈ (0, τK) such

that Π is increasing in τ if and only if τ < τ ′.

Suppose τ ∈ [τk, τk+1) for some k < K. Then Π is increasing in τ if and only if (A8)

exceeds zero, which happens precisely when

τ < τ ′k

≡ K

K − k

(
k

(
1− λ

λk

)
+ τk

)
.

So Πk is decreasing in τ ∈ [τk, τk+1) if τ ′k < τk, increasing if τ ′k ≥ τk+1, and increasing-

and-then-decreasing if τk ≤ τ ′k < τk+1. Now τ ′k ≥ τk if and only if

K − k

λk

+
k∑

j=1

1

λj

≤ K

λ
,

whereas τ ′k < τk+1 if and only if

K

λ
<

K − (k + 1)

λk+1

+
k+1∑
j=1

1

λj

.

So defining

ηk ≡
K − k

λk

+
k∑

j=1

1

λj

for each k ∈ {1, . . . , K} gives τ ′k ∈ [τk, τk+1) if and only if K/λ ∈ [ηk, ηk+1). But ηk is

non-decreasing in k because λk+1 ≤ λk and therefore

ηk+1 − ηk = (K − k)

(
1

λk+1

− 1

λk

)
≥ 0.
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It follows that τ ′k ∈ [τk, τk+1) for at most one k < K. But there is at least one such k

when λ1, . . . , λK are not equal. To see why, notice that

lim
τ→0

∂Π

∂τ
= lim

τ→0

∂Π1

∂τ

=
λ

K
lim
τ→0

((
λ

λ1

+ τ

)−2

−
(

K

K + τ

)2
)

=
λ

K

((
λ1

λ

)2

− 1

)

is strictly positive when λ1 > λ, which holds precisely when λ1, . . . , λK are not equal, in

which case the value Π is decreasing in τ whenever τ > τK . So Π is initially increasing

in τ and eventually decreasing in τ , which, by continuity, means its derivative with respect

to τ changes sign at least once. Therefore, if λ1, . . . , λK are not equal, then there is a

unique k < K such that τ ′k ∈ [τk, τk+1). Letting τ ′ = τ ′k > 0 completes the proof.

A.8 Proof of Proposition 3

Define τ ≡ nλ/σ2
u as in the proof of Theorem 2. The eigenvalues of (11) have mean λ =

σ2. So Proposition 3 is equivalent to the following result.

Proposition A1. Define τ ≡ nσ2/σ2
u. Suppose the states have equal prior variances σ2 >

0 and pairwise correlation ρ ∈ [0, 1). Then the value of conceptual knowledge

(i) equals zero when ρ = 0,

(ii) is increasing in ρ, and

(iii) is increasing in the precision index τ if and only if

τ <
ρK

1 + ρ(K − 1)
.

Our proof of Proposition A1 invokes the following lemma.

Lemma A5. Suppose θ has prior variance (11) with σ2 > 0 and ρ ∈ [0, 1).

(i) There is a threshold ρ′ ∈ (0, 1) such that

R∗ =

K if ρ ≤ ρ′

1 if ρ > ρ′.
(A9)
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(ii) The value π∗ of an optimal sample rises when ρ rises.

Proof. Consider (i). If λ1 ≥ λ2 = · · · = λK , then

R∗ =

1 if 1
λ1

+ n
σ2
u
< 1

λ2

K otherwise.

Now (11) has eigenvalues λ1 = (1 + ρ(K − 1))σ2 and λ2 = · · · = λK = (1 − ρ)σ2.

So R∗ = K if and only if

0 ≤ 1

(1 + ρ(K − 1))σ2
− 1

(1− ρ)σ2
+

n

σ2
u

=
1

σ2

(
1

1 + ρ(K − 1)
− 1

1− ρ
+ τ

)
,

where τ ≡ nσ2/σ2
u. The bracketed term on the RHS is continuous and decreasing in ρ,

strictly positive when ρ = 0, and unbounded below as ρ → 1. So, by the intermediate

value theorem, there exists ρ′ ∈ (0, 1) such that (A9) holds.

Now consider (ii). Substituting (A9) into (19) gives

π∗ =
1

K


∑K

k=1 λk −K2
(∑K

k=1
1
λk

+ n
σ2
u

)−1

if ρ ≤ ρ′

λ1 −
(

1
λ1

+ n
σ2
u

)−1

if ρ > ρ′

=
σ2

K

K −K2
(

1
1+ρ(K−1)

+ K−1
1−ρ

+ τ
)−1

if ρ ≤ ρ′

1 + ρ(K − 1)−
(

1
1+ρ(K−1)

+ τ
)−1

if ρ > ρ′,
(A10)

which is piecewise increasing in ρ:

∂

∂ρ

[
π∗∣∣

ρ≤ρ′

]
= K(K − 1)

(
1

1 + ρ(K − 1)
+

K − 1

1− ρ
+ τ

)−2(
1

(1− ρ)2
− 1

(1 + ρ(K − 1))2

)
≥ 0

with equality if and only if ρ = 0, and

∂

∂ρ

[
π∗∣∣

ρ>ρ′

]
=

(K − 1)σ2

K

(
1 +

(
1

1 + τ(1 + ρ(K − 1))

)2
)

> 0.
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Proof of Proposition A1. Suppose the sample S is optimal. Then its value π∗ equals

π(0) =
σ2τ

K + τ

when ρ = 0. Now π∗ is increasing in ρ (by Lemma A5), whereas π(0) is constant in ρ.

So Π = π∗ − π(0) equals zero when ρ = 0 and is increasing in ρ.

It remains to prove (iii). Now (11) has eigenvalues λ1 = (1 + ρ(K − 1))σ2 and λ2 =

· · · = λK = (1− ρ)σ2, which have mean λ = σ2. Defining

τK ≡ λ

(
1

λ2

− 1

λ1

)
=

ρK

(1− ρ)(1 + ρ(K − 1))

gives

R∗ =

1 if 1
λ1

+ n
σ2
u
< 1

λK

K if 1
λ1

+ n
σ2
u
≥ 1

λK

=

1 if τ < τK

K if τ ≥ τK ,

which when substituted into (19) gives

Π =
σ2

K


1 + ρ(K − 1)−

(
1

1+ρ(K−1)
+ τ
)−1

− Kτ
K+τ

if τ < τK

K2

(
(K + τ)−1 −

(∑K
k=1

σ2

λk
+ τ
)−1
)

if τ ≥ τK .

The first piece is (weakly) concave in τ : differentiating it with respect to τ gives

∂

∂τ

[
Π
∣∣
τ<τK

]
=

σ2

K

((
1

1 + ρ(K − 1)
+ τ

)−2

−
(

K

K + τ

)2
)
,

which is strictly positive if and only if

τ < τ ′ ≡ ρK

1 + ρ(K − 1)
.

In contrast, our proof of Theorem A1 shows that the second piece (with τ ≥ τK) is non-

increasing in τ . But τ ′ ≤ τK , from which (iii) follows.

A.9 Proof of Proposition 4

Our proof of Proposition 4 invokes the following two lemmas.
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Lemma A6. The value π(J) of an optimal sample designed by an agent with J-deep con-

ceptual knowledge is

(i) non-decreasing in J and

(ii) increasing in the sample size n.

Proof. We prove (i) and (ii) separately:

(i) It suffices to show that λ(J)
1 , . . . , λ

(J)
K undergo a MPS when J rises. Then (i) follows

from an argument similar to that used to prove Lemma A4.

Fix J < K. For each k ∈ {1, . . . , K} we have

λ
(J+1)
k − λ

(J)
k =


0 if k ≤ J

λJ+1 − λ
(J)
K if k = J + 1

λ
(J+1)
K − λ

(J)
K if k > J + 1

and hence

k∑
j=1

λ
(J+1)
j −

k∑
j=1

λ
(J)
j =


0 if k ≤ J

λJ+1 − λ
(J)
K if k = J + 1

λJ+1 − λ
(J)
K + (k − (J + 1))

(
λ
(J+1)
K − λ

(J)
K

)
if k > J + 1

=


0 if k ≤ J

λJ+1 − λ
(J)
K if k = J + 1

(K − k)
(
λ
(J)
K − λ

(J+1)
K

)
if k > J + 1.

(A11)

because λJ+1 = (K − J)λ
(J)
K − (K − (J + 1))λ

(J+1)
K . We also have

λJ+1 =
1

K − J

∑
k>J

λJ+1

≥ 1

K − J

∑
k>J

λk

= λ
(J)
K
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because λJ+1 ≥ · · · ≥ λK . Likewise λJ+1 ≥ λ
(J+1)
K and so

λ
(J)
K − λ

(J+1)
K =

1

K − J

∑
k>J

λk −
1

K − (J + 1)

∑
k>J+1

λk

=
1

K − J
λJ+1 +

(
1

K − J
− 1

K − (J + 1)

) ∑
k>J+1

λk

=
1

K − J
λJ+1 −

1

K − J
λ
(J+1)
K

≥ 0.

So the difference (A11) is non-negative and equals zero when k = K. Thus, by

Lemma A1, the eigenvalues λ(J)
1 , . . . , λ

(J)
K undergo a MPS when J rises.

(ii) Fix J ∈ {0, . . . , K} and define

t
(J)
k ≡ k2

(
k∑

j=1

1

λ
(J)
j

+
n

σ2
u

)−1

+
∑
j>k

λ
(J)
j

for each k ∈ {1, . . . , K}. Then

π(J) = λ− 1

K
min

{
t
(J)
k : k ∈ {1, . . . , K}

}
from the proof of Proposition 2. But

∂t
(J)
k

∂n
= −k2

σ2
u

(
k∑

j=1

1

λ
(J)
j

+
n

σ2
u

)−2

is strictly negative, from which it follows that π(J) is increasing in n.

Lemma A7. There is a threshold J ′ ∈ {0, . . . , K} such that for each J ∈ {0, . . . , K}, the

optimal sample collected by an agent with J-deep conceptual knowledge has rank

R(J) =


K if J ≤ J ′

J if J ′ < J < R∗

R∗ if J ≥ R∗.

Proof. Define

τk ≡ λ

(
k

λk

−
k∑

j=1

1

λj

)
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for each k ∈ {1, . . . , K} so that

R∗ = max{k ∈ {1, . . . , K} : τk ≤ τ}

as in the proof of Theorem A1. Fix J ∈ {0, . . . , K} and define

τ
(J)
k ≡ λ

(
k

λ
(J)
k

−
k∑

j=1

1

λ
(J)
j

)

= λ


0 if J = 0

k
λk

−
∑k

j=1
1
λj

if J > 0 and k ≤ J

J

λ
(J)
K

−
∑J

j=1
1
λj

if J > 0 and k > J.

for each k ∈ {1, . . . , K}. Then τ
(J)
1 = 0, and for each k < K the difference

τ
(J)
k+1 − τ

(J)
k = λ



0 if J = 0

k
(

1
λk+1

− 1
λk

)
if J > 0 and k ≤ J − 1

J

(
1

λ
(J)
K

− 1
λJ

)
if J > 0 and k = J

0 if J > 0 and k > J.

is non-negative because λk+1 ≤ λk and λ
(J)
K ≤ λJ . So τ

(J)
k is non-decreasing in k and

R(J) = max
{
k ∈ {1, . . . , K} : τ

(J)
k ≤ τ

}
.

Define τ
(0)
0 ≡ 0 and notice τ

(J)
J = · · · = τ

(J)
K . So if τ ≥ τ

(J)
J , then R(J) = K; if τ < τ

(J)
J ,

then

R(J) = max
{
k ∈ {1, . . . , J} : τ

(J)
k ≤ τ

}
= min{J,max{k ∈ {1, . . . , K} : τk ≤ τ}}

= min{J,R∗}.

But if J < K, then

τ
(J+1)
J+1 − τ

(J)
J = λ

((
J + 1

λJ+1

−
J+1∑
j=1

1

λj

)
−

(
J

λJ

−
J∑

j=1

1

λj

))

= Jλ

(
1

λJ+1

− 1

λJ

)
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is non-negative because λJ+1 ≤ λJ . So τ
(J)
J is non-decreasing in J , from which it follows

that

J ′ ≡ max
{
k ∈ {0, . . . , K} : τ

(j)
j ≤ τ for each j ∈ {0, . . . , k}

}
exists and

R(J) =

K if J ≤ J ′

min{J,R∗} if J > J ′

as claimed.

Proof of Proposition 4. Part (i) follows from parts (ii)–(iv). Part (ii) follows from the defi-

nition of Π(J) = π(J) − π(0). Part (iii) follows from Lemma A6(i).

For part (iv), suppose J ≥ R∗. Then λ
(J)
k = λk for each k ≤ R∗ by definition

and R(J) = R∗ by Lemma A7. Thus

π(J) =
1

K

 R∗∑
k=1

λ
(J)
k − (R∗)2

(
R∗∑
k=1

1

λ
(J)
k

+
n

σ2
u

)−1


=
1

K

 R∗∑
k=1

λk − (R∗)2

(
R∗∑
k=1

1

λk

+
n

σ2
u

)−1


= π∗

and therefore Π(J) = Π by definition.

A.10 Proof of Theorem 3

Our proof of Theorem 3 invokes the following lemma.

Lemma A8. Fix J ∈ {0, . . . , K}. Then λ
(J)
1 , . . . , λ

(J)
K undergo a MPS when λ1, . . . , λK

undergo a MPS.

Proof. Fix k ∈ {1, . . . , K}. By Lemma A1, the cumulative sum
∑min{k,J}

j=1 λj does not fall

when λ1, . . . , λK undergo a MPS, while the tail sum
∑

j>J λj does not rise under the MPS.

So the MPS does not lower
k∑

j=1

λ
(J)
j =


∑k

j=1 λj if k ≤ J∑J
j=1 λj + (k − J)λ

(J)
K if k > J

=


∑min{k,J}

j=1 λj if k ≤ J∑K
j=1 λj − K−k

K−J

∑
j>J λj if k > J
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and leaves it unchanged when k = K. The result follows from Lemma A1.

Proof of Theorem 3. We prove (i) and (ii) separately:

(i) Now π(J) is non-decreasing in J (by Lemma A6), so if π(J) ≥ π0 then π(J+1) ≥ π0.

Thus

{n ≥ 0 : π(J) ≥ π0} ⊆ {n ≥ 0 : π(J+1) ≥ π0}

and therefore n
(J)
π0 ≥ n

(J+1)
π0 .

(ii) It suffices to show that π(J) does not fall when λ1, . . . , λK undergo a MPS. Then,

since π(J) is increasing in n (by Lemma A6), the MPS expands {n ≥ 0 : π(J) ≥ π0}
and so cannot raise n(J)

π0 . But the argument used to prove Lemma A4 implies that π(J)

does not fall when λ
(J)
1 , . . . , λ

(J)
K undergo a MPS, which, by Lemma A8, happens

when λ1, . . . , λK undergo a MPS.
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