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Constraint Programming
Formal background

A Constraint Satisfaction Problem (CSP) is a triple (V,C, D)

V is a set of decision variables,

D is a function mapping each element of V to a domain
of potential values,

C is a set of constraints stating allowed combinations of
values for subsets of variables in V.

A solution to a CSP is an assignment of a unique value to each
decision variable such that the value is in the domain of the
respective variables and all of the constraints are satisfied.
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Statistics

Formal background

What is a statistical model?
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Statistics

Formal background

What is a statistical model?

P. McCullagh, What is a statistical model?, The Annals of
Statistics, 30(5), pp. 1225—1267, (2002).
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Probability theory

Formal background

A probability space is a mathematical tool that aims at modelling

a real-world experiment consisting of outcomes that occur
randomly.

It is described by a triple (2, F,P)

Q0 denotes the sample space — the set of all possible
outcomes of the experiment,

F denotes the sigma-algebra on 2 — i.e. the
power set 22 of all possible events on the
sample space

P denotes the probability measure — i.e. a function
P : F — [0, 1] returning the probability of each
possible event.
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Probability theory

Random variable

A random variable w is an F-measurable function w: ) — R
defined on a probability space (€2, F,P) mapping its sample space
to the set of all real numbers.

Given w, we can ask questions such as “what is the probability
that w is less or equal to element s € R.”

This is the probability of event {0 : w(0) < s} € F, which is often
written as F,(s) = Pr(w < s), where F,(s) is the cumulative
distribution function (CDF) of w.
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Probability theory

Multivariate random variable

A multivariate random variable is a random vector

(wi,...,wn)T, where T denotes the “transpose” operator.
w
w1 W2 ... Wnp
/ / ‘ /
Wy Wy ... W

The outcome of the experiment is the vector of random variates

(w),...,wh)T, which are scalars.
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Statistical Model

Definition

Consider a multivariate random variable defined on probability
space (9, F,P)

Let D be a set of possible CDFs on the sample space ().

We adopt the following definition of a statistical model

Definition
A statistical model is a pair (D, (2).
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Nonparametric Statistical Model

Definition

Let D denote the set of all possible CDFs on €.

Definition
A nonparametric statistical model is a pair (D, Q).
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Parametric Statistical Model

Definition

Let D denote the set of all possible CDFs on €.

Consider a finite-dimensional parameter set © together with a
function g : © — D, which assigns to each parameter point 6 € ©
a CDF Fjy on Q.

Definition
A parametric statistical model is a triple (©, g, Q).
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Statistical Inference

Definition

Consider now the outcome o € {2 of an experiment.

Statistics operates under the assumption that there is a distinct
element d € D that generates the observed data o.

The aim of statistical inference is then to determine which
element(s) are likely to be the one generating the data.
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Hypothesis Testing

Modus operandi 1 of 2

In hypothesis testing the statistician selects a significance level «
and formulates a null hypothesis (H)), e.g.

“element d € D has generated the observed data,”
and an alternative hypothesis, e.g.

“another element in D/d has generated the observed data.”
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Hypothesis Testing

Modus operandi 2 of 2

Depending on the type of hypothesis, she must then select a
suitable statistical test and derive the distribution of the
associated test statistic under the null hypothesis.

By using this distribution, one determines the probability of
obtaining a test statistic at least as extreme as the one
associated with outcome o.

If this probability is less than «, this means that the observed
result is highly unlikely under the null hypothesis, and the
statistician should therefore “reject the null hypothesis.”

If this probability is greater or equal to «, the evidence collected
is insufficient to support a conclusion against the null hypothesis,
hence we say that one “fails to reject the null hypothesis.”
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Parametric Hypothesis Testing

Student’s ¢-test (one-tailed)

The classic one-sample t-test compares the mean of a sample to a
specified mean p.

Student's t-test statistics, ¢t = Sx/;\/’% follows a T distribution with

n — 1 degrees of freedom.

Fail to
reject Hy yaN Reject Hy

/ \(a:0.05

I

The two-sample t-test compares means 1 and po of two samples.
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Nonparametric Hypothesis Testing

One-sample Kolmogorov-Smirnov test (two-tailed)

CDF(x)

10

08

06

04

Kolmogorov-Smirnov statistic




Nonparametric Hypothesis Testing
Two-sample Kolmogorov-Smirnov test (two-tailed)
CDF(x)

10F
08
04 7T

0.2
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Statistical Constraints

Definition

A statistical constraint is a constraint that embeds a parametric
or a non-parametric statistical model and a statistical test
with significance level « that is used to determine which

assignments satisfy the constraint.
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Statistical Constraints
Parametric statistical constraint
A parametric statistical constraint c takes the general form
(T, g,0,q)
where T" and O are sets of decision variables and g : © — D.
Let T'= {t1,...,ti7}, then © = D(t1) x ... X D(t7)).
Let O = {o1,...,0/0}, then Q= D(o1) x ... x D(00)).

An assignment is consistent with respect to c if the statistical test
fails to reject the associated null hypothesis, e.g. “Fy generated
01,...,0)0|," at significance level a.
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Statistical Constraints

Nonparametric statistical constraint

A nonparametric statistical constraint c takes the general form
C(Ol, ceey Ok, a)
where O1, ..., Oy are sets of decision variables.
L . & . .
Let O; = {of,.. "OIinI}’ then Q = J;_, D(o}) x ... x D(ojo,))-

An assignment is consistent with respect to c if the statistical test
fails to reject the associated null hypothesis, e.g

“{ol,--- 0/, 1+ 0l 0, |} are drawn from the same
distribution,” at significance level a.
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Statistical Constraints

Remarks

In contrast to classical statistical testing, random variates, i.e.
random variable realisations (w},...,w!)T, associated with a

sample are modelled as decision variables.

The sample, i.e. the set of random variables (wr,...,wy,)? that
generated the random variates is not explicitly modelled.
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Statistical Constraints

Student's t test constraint

t-test;, (O, m)

O ={o1,...,0,} is a set of decision variables each of which
represents a random variate w} (i.e. a scalar);

m is a decision variable representing the mean of the random
variable w that generated the sample;

a € (0,1) is the significance level;
w € {<,>,=,#} identifies the type of statistical test;

Assignment 01, ..., 0,, M satisfies t-testS if and only if a
one-sample Student’s t-test fails to reject the null hypothesis

identified by w; e.g. if wis “=", the null hypothesis is " the mean
of the random variable that generated 01, ..., 0, is equal to m."
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Statistical Constraints

two-sample Student's ¢ test constraint

t—test% (01 , 02)

01 ={o1,...,0,} is a set of decision variables each of which
represents a random variate w/;

O2 = {on+1,---,0m} is a set of decision variables each of which
represents a random variate wg;

Assignment 01, . .., 0, satisfies t-test’, if and only if a two-sample
Student'’s t-test fails to reject the null hypothesis identified by
w; e.g. if wis "=", then the null hypothesis is “the mean of the
random variable originating 61, ..., 0, is equal to that of the
random variable generating 0p41,...,0m."
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Statistical Constraints

Kolmogorov-Smirnov constraint

KS-test;, (O, exponential(\))

O ={o1,...,0,} is a set of decision variables each of which
represents a random variate w),

A is a decision variable representing the rate of the exponential
distribution

a € (0,1) is the significance level

w € {<,>,=,#} identifies the type of statistical test that
should be employed; e.g. “>" refers to a single-tailed one-sample
KS test that determines if the distribution originating the sample
has first-order stochastic dominance over exponential(\); “="
refers to a two-tailed one-sample KS test that determines if the
distribution originating the sample is likely to be exponential()),
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Statistical Constraints

Kolmogorov-Smirnov constraint

KS-test;, (O, exponential (\))

O ={o1,...,0,} is a set of decision variables each of which
represents a random variate w),

A is a decision variable representing the rate of the exponential
distribution

a € (0,1) is the significance level
w € {<,>,=,#} identifies the type of statistical test

An assignment 61, ... ,0p, A satisfies KS-test® if and only if a
one-sample KS test fails to reject the null hypothesis identified
by w; e.g. if wis “=", then the null hypothesis is “random

variates 01, ..., 0, have been sampled from an exponential(\)
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Statistical Constraints

two-sample Kolmogorov-Smirnov constraint

KS—teSt?U(Ol, 02)
O ={o1,...,0,} is a set of decision variables each of which
represents a random variate w),

O3 = {on+1,---,0m} is a set of decision variables each of which
represents a random variate w),

a € (0,1) is the significance level
w € {<,>,=,#} identifies the type of statistical test

An assignment 01, ..., 0, satisfies KS-testy, if and only if a
two-sample KS test fails to reject the null hypothesis identified
by w; e.g. if wis “=", then the null hypothesis is “random
variates o1,...,0, and 0,41, .. ., 0y have been sampled from the

same distribution.”
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Applications

Classical problems in statistics

Constraints:
(1) t-test®(O,m)

Decision variables:
01 € {8},02 S {14},03 < {6},04 € {12},05 S {12},
o6 € {9},07 € {10}, 08 € {9}, 09 € {10}, 019 € {5}
01 = {01,.. . ,010}
m € {0,...,20} a=0.05

Figure: Determining the likely values of the mean of the random variable
that generated random variates O,

After propagating constraint (1), the domain of m reduces to
{8,9,10,11}, so at significance level o = 0.05 we reject the null
hypothesis that the true mean is outside this range.
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Applications

Classical problems in statistics

Constraints:
(1) KS—teSti(Ol,Og)

Decision variables:
o1 € {9}, 02 € {10}, 03 € {9},04 € {6}, 05 € {11},
0¢ € {8},07 S {10},08 S {11},09 € {14},010 S {11},
011,012 € {5}, 013,...,020 € {9, 10, 11}
01E{01,...,010},02E{OH,...,OQ()} a=0.05

Figure: Devising sets of random variates that are likely to be generated
from the same random variable that generated a reference set of random
variates O

By finding all solutions to the above CSP we verified that there are
365 sets of random variates for which the null hypothesis is
rejected at significance level .
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Applications

Classical problems in statistics

CDF(x)

10f A
08|
06

04

02

Figure: Empirical CDFs of (A) an infeasible and of (B) a feasible set of
random variates Os; these are {5,5,9,9,9,9,9,9,9,9} and
{5,5,9,9,9,9,9,10, 10,11}, respectively.
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Applications

German tank problem

During World War Il, production of German
tanks such as the Panther was accurately
estimated by Allied intelligence using
statistical methods.

———————————————— Complete set of tanks produced ——mM8M8m
00 00Q0Q00Q0090909000 00000 090000090900 00
sample
of size

Estimate M by using information from
captured tanks.
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Applications

German tank problem

—— Complete set of tanks produced —408 ——M8M8 — WM

A sample {wy,...,w,} follows a multivariate
hypergeometric distribution (urn model
without replacement and with multiple classes
of objects).

However, we will consider an approximation
that exploits a Uniform(0,M) distribution.
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Applications

German tank problem

— Complete set of tanks produced —408 ——M8 ——————
00 90Q90Q900000000900000 00000 0990000900000 00
of size
Consider a sample {wi,...,wy} from

Uniform(0,M). Let wy,,, = max{w],...,w,}.

The test statistic wmax follows the distribution

T T " 2l
F@) =33~ TW="7m
—_——
n times

The confidence interval for the estimated

population maximum is (W ., Whae /™),

where 1 — « is the confidence level sought.
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Applications

German tank problem

In the following CSP, random variates have
been generated from a Uniform(0,20).

Constraints:
(1) KS-test2(Oq, Uniform(0, m))
Decision variables:
01 € {2},02 € {6},03 € {6},04 € {17}, 05 € {4},
o6 € {11}, 07 € {10}, 08 € {7}, 09 € {2}, 010 € {15},

m € {0,000}
01 ={o1,...,010}
a = 0.05

Figure: A CSP formulation of the German tank
problem

After propagating constraint (1), the domain
of m reduces to {9,...,28}, so at significance
level o = 0.05 we reject the null hypothesis
that the true maximum M is outside this

range.
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Applications

German tank problem

In the following CSP, random variates have
been generated from a Uniform(0,20).

Constraints:
(1) KS-test®(O1, Uniform(0,m))
Decision variables:
01 € {2},02 € {6},03 € {6},04 € {17}, 05 € {4},
os € {11},07 € {10}, 08 € {7}, 09 € {2}, 010 € {15},

m € {0, 00}
01 = {01,...,010}
a = 0.05

Figure: A CSP formulation of the German tank
problem

Note that the parametric statistical approach
previously discussed would produce a tighter
interval: (17.0, 22.93).
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Applications

Incomplete German tank problem

Now assume that soldiers have erased the last
figure of the 6th tank serial number.

Constraints:
(1) KS-test®(Oq, Uniform(0,m))

Decision variables:
01 € {2},02 € {6},03 € {6},04 € {17}, 05 € {4},
o6 € {10,...,19},07 € {10},08 € {7}, 09 € {2},
o10 € {15},
m € {0,00} O1={o1,...,010} a=0.05

Figure: A CSP formulation of the German tank
problem

After propagating constraint (1), the domain
of m reduces to {9,...,32}, so at significance
level a = 0.05 we reject the null hypothesis
that the true maximum is outside this range.

33/58



Applications

Inspection scheduling

Parameters: ot T Day of the year - 7 7 i)
U =10  Units to be inspected E ”"I\‘V' i Il: E{, \ ;\I, |, W 2 ;
b o W L
I=25 Inspections per unit - o = = s = 1
H =365 Periods in the planning horizon
D=1 Duration of an inspection Figure: Inspection plan; black marks
M =36 Max interval between two inspections : .
c=1 Inspectors required for an inspection denote |nSpeCt|0nS.
m=>5 Inspectors available
A=1/5 Inspection rate o .
Constraints: e e
(1) cumulative(s, e, t,c,m) i o
foralluecl,....U o8 ¥ -
(2) KS- test;(o ,exponential(})) A
(3) er=H-M o
foralluel,..., JUandje2,..., I
(4) duj—1 = Sur4j — Sur+j—1—1
(5) Sur+j = Sul+j-1 “
Decision variables:
sk e{l,...,H}, 02
epe{l,.... H}
tp < D,
o C, M 2 0 w
iug-1 €40,..., M}
o _ Figure: Empirical CDF of intervals
Oy ={in1,---yiui-1}, Yuel ...,

(in days) between inspections for
Figure: Inspection scheduling unit of assessment 1
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Related works

Randomness as a constraint

@ Springer Link

I R International Conference on Principles and Practice of Constraint Programming
CP 2015: Principles and Practice of Constraint Programming pp 351-366 | Cite as

= Randomness as a Constraint
. Authors Authors and affiliations

Steven D. Prestwich [~~], Roberto Rossi, S. Armagan Tarim

S. Prestwich, R. Rossi and S. A. Tarim "Randomness as a
Constraint”, in Proceedings of the 21st International Conference
on Principles and Practice of Constraint Programming (CP-2015),
August 31 - September 4, 2015, Cork, Ireland, Lecture Notes in
Computer Science, Springer-Verlag, LNCS 9255, pp.351-366, 2015
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Declarative statistics

Ei(’éﬁ;‘)} Cornell University

Library

arXiv.org > cs > arXiv:1708.01829

Computer Science > Artificial Intelligence

Declarative Statistics

Roberto Rossi, Ozgiir Akgiin, Steven Prestwich, S. Armagan Tarim
(Submitted on 6 Aug 2017)

R. Rossi, O. Agkun, S. Prestwich, A. Tarim, " Declarative
Statistics,” University of Edinburgh, technical report, 2017
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Declarative statistics

Motivation
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Figure: Confidence region for the location parameter i € R? of a
bivariate normal distribution.
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Declarative statistics
What is it?

Declarative statistics provides a platform for modeling a family of
hypotheses about a phenomenon being studied and for determining
which of these hypotheses is “compatible” with available data.

In a declarative statistics program...

a feasible assignment represents one of the many possible
hypotheses that are “compatible” with available data, i.e. that —
to use statistical terminology — we failed to reject.

Conversely, infeasible assignments represent hypotheses that have
been rejected, in a statistical sense, at the prescribed significance
level on the basis of the observations that are available.
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Declarative statistics
What can it do for me?

Declarative statistics offers a high level modeling framework that
can be used to represent confidence regions.

These regions can be queried in different ways:

> the decision maker may ask what vector in the region is the
most likely one, or

» explore the boundaries of the region to construct confidence
intervals for model parameters — in the previous example,
confidence intervals for the two-dimensional mean vector L.

Most importantly, declarative statistics provides a framework that
can capture not only the confidence region of known problems like
the one presented above, but of complex families of statistical
hypotheses expressed via a high-level modeling framework.
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Declarative statistics
Supporting technologies

http://wuw.ibex-1ib.org/
http://www.choco-solver.org/
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http://www.ibex-lib.org/
http://www.choco-solver.org/

Declarative statistics
The toolbox

The t-test statistical constraint.

The x? goodness of fit statistical constraint.

The x? test of independence statistical constraint.
Fisher's ratio statistical constraint.

Hotelling's statistical constraints (Hotelling x? or ¢2).
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Declarative statistics

Example: Linear model fitting

Objective:
min s
Constraints:
(1) e — (at +b) fort=1,..., T
(2) 71 =T(Fy(wiy1) — Fo(w;)) fori=1.....m
(3) xi(rimis)
4) s<Q
Parameters:
time periods
T vy random variates
m number of bins
Wi, W bin boundaries
F normal cumulative distribution
with mean 0 and standard deviation o
Q 1 — a quantile of the inverse x?
distribution with m — 1 degrees
of freedom
Decision variables:
a fitted model slope
b fitted model intercept
a normal standard deviation
1. er errors!
ThyeeosTm target counts for each bin
s X? statistics

Figure: Declarative statistics model for linear model fitting.

'Note that these are errors, not residuals. Recall that a statistical error (or
disturbance) is the amount by which an observation differs from its
unobservable expected value.
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Declarative statistics
Example: Linear model fitting

Vi

Figure: Linear model fitting. The dots represent random variates; the
solid line is the model that generated these variates, which we are trying
to estimate. The dotted line, is the model obtained via the method of
least squares. The dashed line is the model obtained via declarative
statistics, by solving the declarative statistics model.
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Declarative statistics

Example: Linear model fitting

Constraints:
(1) eg=ve—(at+b) fort=1,..., T
(2) xi(e:po)

Parameters:
T time periods
Vi, 07 random variates
I normal mean, fixed and set to 0
o normal standard deviation

Decision variables:

a fitted model slope
b fitted model intercept
el ..., er errors

Figure: Declarative statistics model for linear model fitting: known o.
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Declarative statistics

Example: Linear model fitting

25F !

20+
28
26

24

slope (a)
5

22

20

0.0

-0.5 [ Il L L Il L L
-10 -8 -6 -4 -2 [ 2 4

intercept (b)

Figure: Confidence region for slope (a) and intercept (b) under the
assumption that o is known; the colour gradient reflects the value of the
x? statistics.
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Declarative statistics

Example: Linear model fitting

Constraints:
(1) et =wv — (at +b)
(@) e

Parameters:
T
U1, 0T

Decision variables:
a

b

€l,...,€T

fort=1,...,T

time periods
random variates

fitted model slope
fitted model intercept
errors

Figure: Declarative

statistics model for linear model fitting: unknown o.
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Declarative statistics

Example: Linear model fitting

25- "

20r-

slope (a)
°

05+

0.0

-05-

intercept (b)

Figure: Confidence region for slope (a) and intercept (b) under the
assumption that o is estimated from the data; the colour gradient reflects
the value of the ¢2 statistics.
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Declarative statistics
Example: ANOVA

Group1l Group2 Group3
3.57329 9.83132 9.80335
6.5655 9.7379  8.79726
-2.06033  6.6339 13.6045
0.469477 8.20049  9.4932
3.05632 7.19737 8.50685
5.54063 9.19586 9.22433

Table: Samples considered in our example.
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Declarative statistics
Example: ANOVA

DF SumOfSq MeanSq F-Ratio p-value
Model 2 166.387  83.1935 16.0089 0.000189984
ANOVA Error 15 77.9505 5.1967
Total 17 244.337
Overall  7.07618
Means Group 1 2.85748

Group 2 8.46614
Group 3 9.90492

Table: One-way analysis of variance table; DF: degrees of freedom;
SumOfSq: sum of squared differences; MeanSq: mean squared
differences.
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Declarative statistics
Example: ANOVA

In the case of our numerical example a post-hoc Tukey's test
would reveal that the mean of Group 1 differ at the prescribed
significance level from that of Group 2 and Group 3.
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Declarative statistics

Example: ANOVA as a declarative statistics model

Constraints:
“between group” mean squared differences
(1) MEAN(%;, {Oi1 Oin}) fori=1,..., m
(2) VARIANCE(sp. (71 -+ gin})
(3) 5 = nsy/(m — 1)

“within group” mean squared differences
(4) VARIANCE(s},, {Oi1,. -+, Oin}) fori=1,....m
(5) MEAN(Sy. {sk,....s})

Fisher's F-ratio statistic

(6) /50 < Fply (1 —a)
Parameters:
m number of groups
n number of random variates
within a group
0, random variate j in group i
o significance level
Decision variables:
Ui mean within group i
nsy “between group” sum of
squared differences
5 “between group” mean
squared differences
5w “within group” mean
squared differences
S/50 F-ratio statistic
Fap F-ratio distribution with

a degrees of freedom in the
in the numerator and b in the
denominator.

Figure: Declarative statistics model for one-way analysis of variance.
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Declarative statistics

Example: An alternative declarative statistics model

Objective:
min s

Constraints:

(1) £((0); s s)

(@ s<@
Parameters:
m number of groups
n number of random variates
within a group
O, random variate j in group i

1 — «a quantile of the inverse
Hotelling's T,?wkl distribution

Decision variables:
i mean of group i
s Hotelling's t? statistic

Figure: Declarative statistics model for multivariate normal parameter
fitting.
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Declarative statistics

Example: An alternative declarative statistics model

Figure: Declarative statistics model for testing equality of means

(infeasible).

Constraints:
(1) £2((O); s )
(2) s<@Q
(3) wi=p; foralli,jwherei<j

Parameters:
m
n

O
Decision variables:

Hi
s

number of groups

number of random variates
within a group

random variate j in group ¢

1 — a quantile of the inverse
Hotelling's 772 ,,_; distribution

mean of group i
Hotelling's ¢? statistic
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Declarative statistics

Example: An alternative declarative statistics model

Constraints:
(1) POy 19)

) s<Q
(3) pa=ps
Parameters:
m number of groups
n number of random variates
within a group
05 random variate j in group i
Q 1 — « quantile of the inverse

Hotelling's Tﬁ,m,] distribution

Decision variables:
Hi mean of group i
s Hotelling's > statistic

Figure: Declarative statistics model for testing equality of means
(feasible... in line with Tukey's test!).
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Declarative statistics

Example: An alternative declarative statistics model

Objective:
min (or max) i,

Constraints:
(1) £((O0); s s)

@) s<Q
Parameters:
m number of groups
n number of random variates
within a group
O, random variate j in group i
Q 1 — «a quantile of the inverse
Hotelling's 72, ,, _, distribution

Decision variables:
i mean of group i
s Hotelling's t? statistic

Figure: Declarative statistics model for deriving p; confidence interval.
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Declarative statistics

Example: An alternative declarative statistics model

Objective:
min (or max) p;

Constraints:

(1) 2((0):pis)

@) s<Q
(3) m2=ps
Parameters:
m number of groups
n number of random variates
within a group
O j random variate j in group i
Q 1 — « quantile of the inverse

Hotelling's 72, _, distribution

Decision variables:
i mean of group i
s Hotelling's ? statistic

Figure: Declarative statistics model for deriving p; confidence interval
under the assumption that s = us.
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Declarative statistics

Applications discussed in the technical report

Application Statistical constraint(s)
Linear model fitting X2 goodness of fit
Time series analysis x? goodness of fit

x? test of independence
ANOVA Fisher's ratio
Comparing means of two or more samples  Hotelling’s ¢
multinomial proportions conf. interv. Hotelling’s x? and t2

Table: Applications considered and associated statistical constraints.
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Questions
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