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Abstract

This paper is dedicated to the counting problem of writing an integer
number z as a sum of an ordered sequence of n integers from n given
intervals, i.e., counting the number of configurations (z1,...,2,) with
z=12z1 4+ zn for z; € [z;,y;] with integers z; and y; and 1 < ¢ < n.
We show an algorithm computing this number in O(nzlg ") average time,
and a data structure computing this number in O(n) time independently
of z. The data structure is constructed in 0(2”n3) time. Its construc-
tion algorithm only depends on the intervals [z;,y;] (1 < ¢ < n). This

construction algorithm can be parallelized with m = O(nd) processors,

yielding (’)(2""73) construction time with high probability.

1 Introduction

The class of balls and urns problems is classic in the field of enumerative com-
binatorics: Let us consider n distinguishable urns with unbounded capacity
that are enumerated from one up to n, and z indistinguishable balls. A basic
question, called stars and bars [8], asks to enumerate all possibilities of how
to distribute the balls to the urns. Although its answer of (Z‘H’_l) is trivially
computable, there is no known polynomial time (with respect to n) algorithm
when adding a seemingly simple constraint like an upper bound to each urn’s
capacity. Unfortunately, a lot of practical questions involve constraints on the
urn’s size:

e Creating groups of restricted size is a common problem of everyday’s life
like assigning z employees to n working teams, or z students into n exercise
classes.

e In quantum mechanics, the electron configuration assigns z electrons to n
atomic orbitals (see e.g., [I5, Chapter X]).

e A chained hash table of size n can use a linked list with a restricted
maximum size for each bucket.

*Parts of this work have already been presented at the 12th International Symposium on
Experimental Algorithms [10].



e Given a finite set U and n total orders on U, the Pareto order [4] in-
duced by the total orders is an irreflexive, transitive and strict order. The
order can be visualized as a Hasse diagram. Common problems ask for
(a) the number of nodes on a given depth z of the Hasse diagram, and
(b) the number of depths that share the same maximal number of nodes

(see Section [9)).

This article addresses the aforementioned problems by studying the following
formal problem: Given n integer intervals [z;,y;] with z;,y; € Z and an inte-
ger z € Z, return the cardinality of the set {(z1,...,2,) € Z" : 2; € [x;,y;] Vi €
[1,n] AY i 2z = z}. Translating this problem by 2/ =4 z — Y. | z; to the
problem of enumerating all tuples (z1,...,2,) € N{ with 0 < z; < y; — a; for
0 <4 <nand Z?:l z; = 7', we can enumerate all solutions in (’)(nzl + 1)

time by an exhaustive search (the addition of 1 is for the check whether 2’ is
negative). This solution becomes rapidly unsatisfying when scaling z. In what
follows, we provide two different approaches to tackle this problem, namely

e a divide-and-conquer algorithm computing the enumeration in (’)(nzlg”)
average time (Algorithm [I), and

e a data structure computing this number in O(n) time independently of z.
The data structure is constructed on n bounds in 0(2”n3) time. The
construction of the data structure can be parallelized with m = O(ns) pro-
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cessors, yielding (’)(—) construction time with high probability (The-

s

orem [5.1). Since the construction is independent of z, the data structure
is suitable for multiple queries on the same bounds.

Structure of the Paper. We first introduce the problem formally in Section[2]
and introduce the notations of this article. Subsequently, we present the divide-
and-conquer algorithm in Section [3] Section [] sketches the basic idea of the
main result of this article with an elaborated example. These basic ideas are
formalized, followed by a proof of the correctness. The data structure described
in Section [ is analyzed with respect to its construction and query time in
Section Section [f] is devoted to a parallel implementation of the algorithm
described in Section [] Practical improvements are considered in Section [7}
The theoretical analysis is reviewed in Section [8 which is dedicated to our
experimental results. Finally, we summarize our results and give an outlook to
future work in Section [Ql

Related Work. We quickly survey some known derivates of the classic stars
and bars problem: Andrews [I] reviewed some derivatives for the integer par-
tition problem: Omne of his problems derives from the classic stars and bars
problem by keeping the number of urns arbitrary; here the urns may or may
be not distinguishable. If the urns are indistinguishable, it is easy to solve the
enhanced version that fixes the number of balls of the fullest urn: The number
of possible distributions of n balls into some urns, such that the fullest urn
contains exactly k balls, is the number of different ways to put n balls into k
urns. In another derivate, we take ai,...,a, pairwise coprime numbers and
restrict the number of balls in the i-th urn to be a multiple of a; (1 < i < n).



Answering whether there exists even a solution is NP-hard [3]. Other literature
gives answers for (not ordered) partition with all kinds of constraints and some
elementary results about ordered partitions without constraints [6l, 111, [16]. The
distribution after a random assignment was studied in [I9]. The urn model
is also used for load-balancing preferring putting a ball into the least loaded
urn [I7].

To the best of our knowledge, we have not found any deep investigation of
the problem of computing the number of ordered integer partition with upper
bounds. Although this problem is a nearby generalisation of the concept of the
composition of a natural number (see e.g. [16]) the problem with the additional
constraint of upper bounds seems not to be treated on a broader way till now.
Wirsching [21] introduces the setting of our problem, but does not treat the
problem algorithmically. Instead, the work focuses on the Lebesgue-convergence
of a normalized counting function based on the urns’ capacities under the con-
dition that these capacities are a geometrically ascending sequence.

2 Basic Definitions and Properties

We denote the natural numbers 1,2,3... with IN;. If we include zero to this
set, we write INg instead. 7Z denotes the set of integer numbers. Intervals of
the form [a,b] with @ < b € Z are integer intervals, i.e. [a,b] = {a,...,b}.
With upper case letters I and J we refer to finite sequences of nonnegative (or
positive, depending on the context) integers. By |I| we denote the length of
such a sequence. Similarly, by I we denote finite sequences of integer intervals
with length |I|. Letters in calligraphic font like Z or J denote intervals. The
restriction of a function P to a certain interval Z is denoted by P|z.

2.1 Definitions

The enhanced problem with upper bounds is formally defined as follows:

Definition 2.1. Given a sequence I = (i1, 12, ...,,) of n natural numbers and
an integer z, we call a sequence J = (j1, j2, ..., jn) of n non-negative integers a
partition of z with respect to I if the following two requirements are fulfilled:

1. Vke{l...n}: ji <ig, and
2. Z jk =Z.
k=1
We call I the upper bounds and z the target value.

Problem 2.2. Our goal is to compute the number of distinct bounded parti-

. . . 1
tions of z with respect to I. We denote this number by [2] .

For 0 < z < min (41, . .., 45) the problem is the classic stars and bars problem
(the solution is ("7Z7")), since none of the upper bounds poses a restriction to
the distributions of such a small z.



2.2 Reducing the Restriction with Bounded Intervals

A more general constraint restricts both the upper and the lower bounds of a
partition. This is captured by the next definition:

Definition 2.3. Given a sequence I = ([z1,,y1], [x2,, Y2, -, [Tn,, Yn]) of 7 in-
tervals of integersﬂ and an integer z, we call a sequence J = (j1,j2,...,Jn) Of
n integers a bounded partition of z with respect to 1 if the following two
requirements are fulfilled:

1. Vk € {1...n}:xk, <5 <y
n .
2. S gr==2
k=1
We call I the bound intervals and z the target value.

Problem 2.4. The goal remains the same, namely to compute the number of

I
distinct partitions of z with respect to I, which we denote by [z] .

The following lemma shows that the problem of computing the number of
bounded partitions can be reduced to the computation of the number of parti-
tions:

Lemma 2.5. Given I = ([z1,11], [2, Y2, - - ., [Tn, Yn]) & sequence of n intervals
on Z and an arbitrary target value z. Let I =g (y1 —21, Y2 — 22, ..., Yn — Tn)
be a sequence of non-negative numbers with length n. Further, set 2’ =4 z—
n

>~ x;. Then the equality [H] = [I,} holds.

i=1 < <

Proof. Let J = (41,72, .-,Jn) be a bounded partition of z with respect to to I.
Then the sequence J' =g (j1 — 21, j2 — T2, ..., jn — ) is a partition of 2’
with respect to I. Conversely, from every partition K = (k1,ka,...,k,) of 2’
with respect to I we can construct a bounded partition K’ = (k1 + x1, ko + o,
oy kn 4+ x,) of z with respect to I. So there is a bijection between bounded
partitions of z with respect to I and partitions of 2z’ with respect to I which
implies the claim. O O

The reduction from Lemma can be executed in O(n) time.

Example 2.6. Let us assume we have n urns, for which the j-th urn has a
minimum and maximum capacity of z; and y; (0 < z; < y;), foreach1 < j < n.
Instead of computing directly the number of different distributions of some z
balls, we try to satisfy the minimum constraints by putting in the j-th urn
x; balls (for each 1 < j < n). If z is too small, there is no possible distribution.
Otherwise, we transforme the problem into distributing z — Z?:l x; balls into
n urns, where the j-th urn has a minimum and maximum capacity of 0 and
y; — x;, respectively. But this is exactly Problem

1In particular, we allow negative integer values.



3 A Simple Divide and Conquer Approach

Lemma 3.1 ([21]). Let I = (iy,42,...,i,) be a sequence of non-negative integer
values. By construction, the following properties hold:

a) I =0ifz<0orz>> i.
z =1

b) H: éz’l =1

1 if0<2z<iy, and

In th I=( icld (il)}:
¢) In the case (i1) we yie {z 0 otherwise.

A simple, computational property of Problem [2.2]is the following recursion
formula:

Lemma 3.2. For every m with 1 < m < n — 1 the equality

{(ihig,...,in)] _ Z {(il,irz,...,z‘nm)} . {(inmﬂ,inmﬁ,...%)
z

k z—k
k=0
holds.
Proof. For every partition J = (j1, ja, ..., jn) of z with respect to (i1,42,...,%n)
n—m n
wehavea =gr Y ji=2z— Y. Jji =4f z—0b. Since 0 < a,b < z holds, the
=1 l=n—m+1
claim follows by elementary counting principles. O O

o I| . L
Another property we exploit is the fact that z — [z] is symmetric with

respect to the half of the sum of the upper bounds.

Lemma 3.3. Given a sequence I = (iy,4s,...,i,) from Ny and an integer
7 I
. _ n
z € X, we have the equality [z] =S —z|
k=1

Proof. Let (j1,j2,...,7n) be a partition of z with respect to I. Then the se-
n

quence (i1 — j1,42 — j2,...,4n — Jn) is & partition of > 4; — z with respect to
=1

I. This means that the partitions of z with respect to I and the partitions of

n
>4, — z with respect to I are bijective, which implies the claim. O O
=1

Example 3.4. Instead of arguing about how many balls are put into each urn,
we argue about how much space is left in each urn after a distribution.

Lemma [3.1] and Lemma [3:3] imply that a solver for Problem [2.2] has to con-
S

sider only the query values 0 < z < V%J
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Using the formula from Lemma we can reduce the computation of [z]

to smaller problems of the form i with |J| € {1,2} and w € [1,2] in a

divide-and-conquer manner; for these small problems we use the shortcuts of
Lemma [3.] running in constant time. By setting m = n — 1 in Lemma [3.2] we
obtain the following formula:

{(il’i%;_’in)] _ Z [(il,iQ,.];:.,in—l)] _ [Z(in)k} (1)

k=0
(in)

Since (i) is a single-valued sequence the factor L - k] becomes either zero or

one.

Algorithm 1: Solution Based on Divide and Conquer

Input: An array of upper bounds I[1,n] and a target value z € Z
Output: E] by calling dnc(z, I[1,n])

1 Function dnc(z, I[l,r])
2 h Z;:l 1; // 1 <1 <r<n represent the subinterval
Ill,r) C 1

3 if z=0V 2z =h then return 7 // Lemma |3. 1|(b)

4 if 2 <0V 2> hthen return 0 // Lemma [3.1/(aD

5 if [ = r then return 7 // Lemma

6 if r=1+1 then

7 m <+ min(I[l], I[r])

8 ifz>Mthenz<—h—z//Lemma

9 return min(z,m) + 1
10 v+ 0 // Invariant: r >1[
11 m < HTT
12 for £k < 0 to z do

13 L v v+dnc(k, I[l,m]) -dnc(z — k,I[m+1,7]) // Lemma
14 return v

Alternatively, setting m = n/2 splits the bounds evenly in Lemma We
use this splitting in Algorithm [I] Algorithm [I] is derived from a preliminary
version described by [7] based on work from [I8]. Unfortunately, z has a crucial
impact on the running time of this algorithm: If T'(n, z) gives the running time
of dnc(z,I[1,n]) for an I = (i1,...,i,) and a z < 37, 5, then T(1,2) =1
and T(n,z) = > ;_1(T(n/2,z — k) + T(n/2,k)) ~ 22T(n/2,z) = (2z)'8", when
using an average case estimation. Although it is easy to validate this algorithm,
it is unsatisfying from a computational point of view. Its induced running time
depends on the upper bounds I and the target value z (even if there may be
heuristics that split up the sequence I advantageously). In contrast, we will
develop an algorithm with a running time depending only on the length of the
sequence of upper bounds, under the assumption that elementary arithmetic
operations can be executed in constant time.



z
—o<z< -1 0 (o — | — ]
0<2<30 1 0 20 40
31 <z< 00 0 z

Figure 1: The piecewise-defined polynomial parameterized by z for the se-
quence I = (30) obtained after the first round of Section The table on
the left gives the validity intervals of this piecewise-defined polynomial and its
respective values. The figure on the right plots this piecewise-defined polyno-
mial. A dotted vertical line demarcates the border of two validity intervals. The
piecewise-defined polynomial continues with the value of zero at the left and the
right borders of the plot.

B [(30, 50)} 31 |-

z
—o<z< -1 0 2 N
0<2<30 z+1 14l N
31 <2<49 31

50 < z <80 81—z T |
8l <z< @ 0 ol N

(‘) 3‘0 5‘0 8‘0
z

Figure 2: The piecewise-defined polynomial for the sequence I = (30,50) ob-
tained after the second round of Section The graphical presentation follows

Figure [I}
4 The Algorithm

I . .
For a fixed sequence I, we show that z L} can be represented by a piecewise-

defined polynomial in in z with rational coeflicients of degree at most |I]| — 1.
More precisely, we compute a function p : Z — Z and a set of disjoint intervals
I, ..., Iy such that U, <,«,, Ix = Z, and p|y, is a polynomial of degree at most

|[I| — 1 that coincides with {ﬂ for every z € I, and every 1 < k < m. We call

Ii,..., I, the validity intervals of p.
We start with an idea derived from Lemma B.1k

Lemma 4.1. For I = (41), the piecewise-defined polynomial

1 ifze [O,il]
0 otherwise

P(z) =af {

solves Problem [2:2] In the special case 41 < 0 the polynomial is equal to zero.
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Figure 3: The piecewise-defined polynomial for the sequence I = (30,50, 10)
obtained after the third round of Section[d.1} The graphical presentation follows
Figure [T}

4.1 An Elaborated Example

Consider the sequence I = (30,50,10). By applying Equation we split up
I recursively. This approach divides the algorithm up into three rounds — the
number of rounds is equal to |I|. In each round, we construct a piecewise-defined
polynomial function that represents the subsequence of I under consideration.

Round 1. We start with the sequence I* = (30). By Lemma we get

20 0 for z <0,
[(2)}: 1 for 0 <z < 30,
0 for z > 31.

We give a tabular and a graphical illustration in Figures [I] to [3| for each se-
(30)
z

dotted lines to emphasize that the function is discrete (mapping from 7Z to INy).
The remaining parts of this figure depict the bounds of the next sequence:

quence I7 under consideration. Figure [1| depicts the function by some

Round 2. With an application of Lemma [3.3] we investigate

o] -£ ()=
(30)] , { (50) } .

by examining every summand [0, Z] — Uk — { k -kl

e For z < 0 the sum is empty and therefore evaluates to zero; we yield
[(30;50)} =0 for z < 0.



[(30, 50)]

e For z € [0, 30] the term [2(50)4 evaluates to one, and we have
= (1(30
=> {(k)} =z+1.
k=0

e For z € [31,49] the term [(3]?) becomes zero for k € [31,49], whereas

[2(50)]4 is always equal to one. Hence we have [(30’;0)] = 31.

The above cases are also illustrated in Figure the intervals above of the
function graph give an impression of the bounds of the summations under con-
sideration.

The results for the remaining z-values follow by symmetry: with the help of

Lemma|3.3| we conclude that {(30;50)} is symmetric with respect to 30550 = 40.

The next validity interval we have to consider is the interval [0, 30] mirrored at
40, i.e. the interval [50, 80]:

e The reflection of the function z — 2z + 1 across the line z — 40 yields the
function z — 81 — z,

e the mirror image of | — 0o, —1] on 40 is [81, oo, and
e the mirror image of the constant function 0 is 0 again.
To sum up, we constructed a piecewise-defined, affine, linear function which

(30, 50)}

determines the value of { ; it is visualized in Figurc

Round 3. Finally, we evaluate the sum

ZZ: [(30];50)} . { z(l—O)k] _ {(30,5:,10)] .

k=0
Since
{(10)] )1 if0<2z—-Fk<10, and
z—k| )]0 otherwise,
. . z (30, 50) .
the previous sum can be written as ) k . Our task is to sum up
k=z—10
. (30,50) Lo
the eleven consecutive values of k& — A for z — 10 < k < z, which is
easily computable by utilizing Gaufl’s summation formula for the first n natural
n
numbers, i.e. Y, = w In order to apply this formula we have to examine

i=0
the relative positions of the interval [z — 10, z] and the validity intervals of the

polynomials of {(30’250)], i.e. the intervals | — oo, —1], [0, 30], [31,49], [50, 80]
and [81, ool.
In the following, we exploit that the function

304+50+10 _
respect to =5+ = 45 due to Lemma

(30, 5207 10) is symmetric with



(30’520’ 10)} = 0 for z < 0 and

e The border cases are easy: We have
[(30’ 520’ 10)} =0 for z > 90.

e The next case (z — 10 €] — 00, —1] A z € [0,30]) is the range z € [0,9].
Here we have

= [(30,50)] _ <= [(30,50)] _ © 2 3
kzgw{( k )}:kzzo[( k )}:kzz()(k+1):2+2+1:df f(2).

30’50’10)]1b
V4

To obtain {( r z € [81,90] we reflect the function f(z) across

the (vertical) axis at 45; applying the reflection p : z — 90 — z on f(z)
yields the function

(90 — 2)%  3(90 — 2) 22 1832

= 1:—

+ 4186.

e Now we consider the interval [10, 30], where [z — 10, z] C [0, 30]. Here we
get > (30,50) = Y. (k+1), and some simple arithmetic oper-
k=2—10 k k=z—10
ations with Gauf}’ formula lead to the result 11z — 44. By the symmetry
argument we obtain [(30’520’ 10)} = 11(90 — z) — 44 = —11z + 946 for
2 € [60,80].
e Next we consider the case z — 10 € [0,30] A z € [31,40], i.e. z € [31,40].

2 [(30,50) 80
For these values of z we get the equation Y 1 = > (k+
k=z—10 k=2—10

1) + > 31, which evaluates to —% + 822 — 479. Again by Lemma
k=31

we have [(30’ 50, 10)} = - (9052)2 + 81(93‘” — 479 = —é + 9972 — 884 for
z
2 € [50,59).

uuemummmp—m4gmA%mmeFQ?mq: S 31,
which gives the constant value 341.

Analogously to the previous step, the different positions of the sums’ bounds
are also sketched in Figure

(30,50, 10)
z

After the third round the computation of [ finishes with the re-

sult shown in Figure [3] We stress again that we did not compute the actual
values of the partition number (except the segments of the piecewise-defined
polynomial with constant values). Instead, we constructed a piecewise-defined
polynomial which solves Problem by evaluating the piecewise-defined poly-
nomial.

We divide the computation of the solution in two different units: A round is
the computation of a new piecewise-defined polynomial. Each round is divided
into steps. A step of the k-th round is the computation of a polynomial equal
to the piecewise-defined polynomial of the k-th round on a certain domain.

10



4.2 Short Analysis of the Example

We now formalize the ideas introduced in the running example. In each round
we applied the following property:

Lemma 4.2. Let I = (41,42, ...,1,) with n > 2 be a sequence of n non-negative
integers and z € Z. Then

u: Z {(il,ig,.].ﬂ.,in_l)} @)

k=z—1ip,
holds.

Proof. Let J = (j1,J2,...,Jn) be a partition of z with respect to I. Then
(41,49, yipn_1)
e .]n
partitions. Since j, has to be drawn from the interval [0, i,,] we have the equality
1 in [(iy,d9,. .. 00— . . .
[4 =Y [(“’ 12; ]’CZ” 1)] , which leads to the claim after an elementary index
k=0 -
shift. O O

n—1
clearly Y jxr = z — j, holds. By fixing j, there are exactly [
k=1

Algorithm 2: Abstract Outline of the Algorithm
Input: Array I = (ig,...,in—1) € N
Output: A piecewise-defined polynomial that solves Problem

1 Function intpart (ig,...,in—1)

2 | p< {Azw—1if z€]0,ig], 2z — 0 otherwise} // Lemma
3 for k< 1ton—1do

4 L P {)\.z D, p(j)} // Apply Lemma

w

return p

Based on Lemma[f.2] Algorithm [2]represents the scaffold of the algorithm we
will construct. The remaining part of this section shows how the summation of
Equation is done. For that we have to keep track of the validity intervals of
the currently constructed piecewise-defined polynomial in each round. We need
some rules that determine the validity intervals of the next round. In summary,
we will study the following parts:

e Construction of the validity intervals (Section [4.3))
e Computation of the piecewise-defined polynomial in Equation (Sec-

tion

4.3 Construction of the Validity Intervals

We start with some definitions:

Definition 4.3. An interval partition is a finite sequence I = (Zy,Z1,...,Z,)
of nonempty intervals on Z such that

11



e max(Zy) = min(Zy41) — 1 holds for all k& € {0,...,n — 1} (this imposes
the natural ordering on I) and

n
e U, =Z.
i=0
Obviously, for an interval partition (Zo, Zy, ..., Z,) we have Ty =] — 00, 2]
and Z,, = [22,00[ for some integers z; and z3. An interval partition (Zy, Z,

.+, I,) is called normalized iff max(Zy) = —1 holds. The length of I is the
number of intervals it contains, and is denoted by |I|.

Example 4.4. Considering the example execution in Section [.1] the validity
intervals of our constructed polynomial in the second round form the interval
partition I¢ = (] — oo, —1], [0, 30],[31,50], [51, 80], [81, 0c[) with [I®| = 5. By
Lemma [3.1] the constructed validity intervals always form a normalized interval
partition if there exists at least one solution.

To get an idea on how we can formalize the splitting in each round, we
introduce the following relation:

Definition 4.5. Let I = (Zy,Z1,...,Z,) be an interval partition, and z € N4
a positive integer. We define the relation ~LC Z x Z by x ~L y iff there exist
some 4, j € Ng with 0 <4 < j < n such that z,y € Z; and v — 2,y — z € Z;.
Lemma 4.6. The relation ~! of a (normalized) interval partition I and an
arbitrary integer z is an equivalence relation whose equivalence classes form
again a (normalized) interval partition. We call the resulting partition the
interval partition induced by I and z, and denote it by P(I, ).

Proof. Clearly, the relation ~. is reflexive and symmetric; it is transitive since

the intervals of an interval partition are pairwise disjoint, i.e., ~. is an equiv-
alence relation. A more powerful conclusion of the property of interval parti-
tions is that x NE y implies = NE: w for all w with x < w < y. Hence, the
equivalence classes of ~L are intervals of Z. These intervals are pairwise dis-
joint; otherwise ~1 would not be transitive. Let us denote them by J, .. ., Jm,
sorted by their boundary values (natural ordering). In particular, Jy = Zy and
JIm = [min(Z,,) + z,00[. For every = + z € Z there is an ¢ with 1 < i < n
such that x + z € Z;. But then there is also a j with 1 < 57 < m such that
x € J;. Hence, the sequence J = (Jo, ..., Jm) is an interval partition, too. If I

is normalized, then J is also normalized, since [Jy = Zy holds. O O

To sum up, P(I, z) creates a finer partition of Z. Every J € P(I, z) is defined
by the shape of exactly two intervals of Z. More precisely, there exists exactly
one pair (i,7) with 1 <14 < j < n such that every z € J enjoys the properties
x—z € 1; and x € Z;. We call the uniquely determined intervals Z; and Z;
the witness pair of J and denote them by vz .)(J); the set of witness pairs
induces the injective mapping 1y . : P(I, z) < I x I. If the context is clear, we
abbreviate (j .y to . In particular, the witness pair of Zy = Jp is given by the
pair (Zo, Zp); the witness pair of 7, = [min(Z,,) + z, 00| is (Z,, Z,,).

Our idea is to compute a piecewise-defined polynomial in each of the n rounds
with Lemma [£.2] The validity intervals of the piecewise-defined polynomial in
the (k+41)-th round are defined by P(I*, iz 1), where I* are the validity intervals
of the piecewise-defined polynomial of the k-th round.

12



Example 4.7. The interval partition induced by I° (defined in Example
and 10 is the sequence (] — oo, —1], [0,10], [11,30], [31,40], [41,50], [51,60],
[61,80], [81,90], [91, co[). The first five members of this sequence were also con-
sidered in Section For instance, we have ¥z, 10)([0, 10]) = (]—o0, —1], [0, 30]),
»([11,30]) = ([0, 307, [0, 30]) and % ([51,60]) = ([31,50], [51,80]).

Regarding the maximum length of P(I, z), there are (";1) =n(n+1)/2
possible witness pairs to choose. Fortunately, the following lemma gives a better
upper bound:

Lemma 4.8. For an interval partition I and a positive integer z, we have the
inequality |P(I, z)| < 2|I] — 1. We can compute P(I, z) in O(|I]) time.

Proof. Let (Zo,Z1,...,2,) =4 I. We introduce a linear order on the set of
witness pairs by (Z;,,Z;,) <y (Ziy, Zj,) <af @1 < t2V (i1 =i2 A j1 < j2). The
pair (Zy,Zy) is the least element with respect to this order, and (Z,,Z,) is its
greatest element. By ordering the set of all interval witnesses according to <

we obtain a chain (Z;,,Z;,) <y (Ziy, L) <y --- <y (Zi,,» L) with ig = jo =0
and 4, = jn, = n. For two consecutlve palrs (Lk,I ) and (Z;,.,,Z;,.,) of

this sequence we have (i1 + jr+1) — (i + k) € {1,2} due to the underlying
definition of N]i. Since ig + jo = 0 and i, + jin = 2n the claim follows.

The computation of P(I, z) can be done by merging an interval J of length
z from the left to the right (like with a sweep line) into I while tracking the
events when the bounds of J enter or leave an interval in I. (A more detailed
and practical optimized algorithm is described in Section ) O O

After these definitions and lemmas concerning the partition of Z into inter-
vals we now turn our attention back to the construction of the piecewise-defined
polynomial.

4.4 Construction of the Piecewise-Defined Polynomial

Our main idea is based on a classical, well-known result named after Faul-
haber:

Lemma 4.9 ([6l [13]). Given p,n € Ny, Faulhaber’s formula states that

ZZP = Z( )iln* 3)

where B;
is a fractional term, the polynomial on the rlght hand side resolves to an integer
for every n € IN...

For Lemma [£.9] to be of use, we need to compute the Bernoulli numbers.

Lemma 4.10. The first n Bernoulli numbers can be computed in (’)(nQ) time.
The binomial coefficients ({C) for k,j € O(n) can be computed in the same time.

Proof. The Bernoulli numbers are given by the recurrence relation By = 1 and

n—1
B, = —%ﬂ ];:0 ("zl) By.. In the formula for B,,, the values for each By can be
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looked up in constant time using the previously computed numbers. Also, the
values of ("+1) can be computed in constant time per summand by ("3‘1) =1
and (Zﬁ) = ”Z}r;k (”Zl) Since the sum for B; consists of i summands, the

overall running time is in (’)(nQ). O O

In the further course, the Bernoulli numbers are computed in a precompu-
tation step whose running time vanishes compared to other computations.
A direct consequence of Equation is the following lemma;:

Lemma 4.11. Given two arbitrary numbers n,y € Ny, the function o.(z) :
z=y

[y,00[— Z, defined by o,(z) = > k™ is a polynomial in z with rational
k=0

coefficients of degree n 4+ 1. Given the first n Bernoulli numbers and the values

(i) for 1 <k < j <n+1, the coefficients of 0., can be computed in O(nz) time.

Proof. By Faulhaber’s formula, there are some coefficients ag, a1, ...,a,+1 € Q
zZ— n+1
with 3> k" = Y a;-(2—~)". Due to the binomial theorem, this sum is equal to
k=0 1=0
n+1 l . .
> (al () ™ (—'y)l_m). We define B =ar (,,) - (—7)'™™ € Z and
1=0 m=0
n+1 l n+1
obtain the term ) <al <> Bim zm>. By setting 6, =ar Y, a1 fBim € Q,
1=0 m=0 I=m
n+1
the equation gets simplified to >  d,, - 2™. The running time is due to the
m=0
computation of 9, for every 0 < m < n + 1. O O

The following corollary is a direct conclusion of the previous lemma involving
some simple arithmetic operations:

Corollary 4.12. Let p be a polynomial in @ of degree n. For a natural number
v, we have:
z
a) The function o>~ : [y,00[— R with o0>,(2) = > p(¢) is a polynomial of
=7
degree at most n + 1.

o8

b) The function o<~ : [0,7] = R defined by 0<,(2) = >_ p(%) is a polynomial

7

z
of degree at most n + 1.

c¢) The function o_- : [y,00[— R with o_(2) = > p(¢) is a polynomial in
i=z—"
Q of degree at most n.

Given the first n Bernoulli numbers and the values (i) for1<k<j<n+1,
the polynomials 0>,,0<~, and o_, can be constructed in O(n2) time.

Proof. Assume that p(xz) = 2", and let o, be defined as in Lemma m The
coefficients of 0>, = 0¢(2) — oo(y — 1), 0< = 00(7) — 00o(2 — 1), and 0_,, =
00(2) — oy—1(2) can be easily determined using the coefficients from the proof
of Lemma In particular, 6,41 = a, (a, and 6,11 as defined in the proof of
Lemma 4.11)), since Spt1,n+1 = 1. Hence, the highest coefficients of oo(z) and
0y—1(2) are the same.

14



The claim follows for a general polynomial p by basic arithmetic operations.
O O

Now we are ready to prove the main result of this section:

Theorem 4.13. Let I = (iy,42,...,1,) be a sequence of n positive integers.
Then there exists a piecewise-defined polynomial p : U;-:l T, — INg such that

(a) r <2 +1,
(b) its validity intervals (Zy,Z3,...,Z,) form a normalized interval partition,

(c) for each 1 < j <r, p; =4 p|1; is a polynomial of degree at most n — 1,

(d) p solves Problem ie. {ﬂ = p(z) for every z € Z.

Proof. The proof is done via induction over |I].
Induction base. This is exactly described in Lemma [4.1]

Induction step. Consider a sequence I" ! = (iy,ia,...,i,11) of n+1 positive
integers. By the induction hypothesis, let p, be the piecewise-defined polyno-
mial of I™ =g (41,42,...,4n) such that it holds the premises described in the
claim; we denote its validity intervals by I" = (Z, Z7", ..., Z") and the partition
induced by I" and i,41 with (Z3, ZpHh, .. Z0HY) =46 P(I™,ip41). In the
following, we construct a piecewise-defined polynomial solving Problem [2.2] for
I"+1. This piecewise-defined polynomial is constructed from p, and i,,;. It
consists of at most w < 2|I"|—1 < ontl 4 q validity intervals due to Lemma
and the induction hypothesis. It is left to show the construction that solves
and . We partition the sum of Equation , applied on p,, into the
validity intervals of p, such that we have sums over sums of polynomials of
degree at most n — 1: Given an m with 1 < m < w, we consider the interval
[s,t] =a It € P(I",ip41), and denote its witness pair of intervals from I"
by ([se,te], [sn,tn]) =af (L,H) =af ¥([s,t]), where L = I} and H = I} for
some 1 < ¢, h < r. Fix an arbitrary z € [s,t]. By the definition of z and L
n+1 z n
we have z — i,41 € L. Equation H leads to [I . ] = > {Ik ], where

k:Z_in+1

k
preceeding round). To compute the above equation, we have to consider two
cases:

n
[I ] = p, (k) is the piecewise-defined polynomial of the n-th round (i.e., the

e Let L # H hold. Then we have sy < ty < s, < tp, and we can split up
the above sum into

z Im te I " d "
> -2 B 2 -2l
k=2—int1 k=2—ini1 KeTre<j<h k=sy,

The second sum of the right hand side is a constant, and the first and the
third sum can be written as polynomials in z of degree at most n according
to the induction hypothesis and Corollary
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Algorithm 3: Constructing a piecewise-defined polynomial
Input: Array I = (ig,...,in—1) € N}.
Output: A piecewise-defined polynomial that solves Problem [2.2]

1 Function intpart (ig,...,%,—1)
2 10 < ([0,40])
3 p+ {Az— 1if z €[0,ip],z — 0 otherwise} // Lemma
4 for k<~ 1ton—1do
5 S+ P(TF1 i) // Partition induced by I*~! and iy
6 p’ + associative array (Interval — Polynomial) // create a
new piecewise-defined polynomial
7 % 0
8 foreach (L, H) € ¢ ;,)(S) do // Fetch witness pairs in
natural order
9 Let [se,te] =ar L, [sn,tn] =ar H, E =ar b, (L, H),
(IU, e ,I'Hk—ll) =df k-1
10 Hence 3¢, h with 0 < /< h < |]Ik*1‘ with L=Z, N H =1,
11 I* + TF U {E}
12 Let Ik—l =df (io,...,ik_l)
13 if L = H then // Apply Lemma and Corollary
14 Add (E,z — ijziik p(j)) to p/
15 else // Split sum of Lemma up in three parts
z T
16 U(z) < 35—, [ ; }
17 C < X jez, t<m<n {ij_l] // independent of z
te Ik-71
18 D(z) <>, 4, [ J ]
19 | Add (E,z = U(z) + C + D(z)) to p’
20 | p< D
21 | returnp

e In the case L = H, the induction hypothesis leads to > [Ik] =
k=z—in41
z
> p(k) for some polynomial p with degree at most n — 1. This sum

k:z—in+1

is a polynomial in z of degree at most n — 1, due to Corollary |4.12||c).
We have shown ; @ follows by construction. O O

Algorithm [3| gives an implementation of how the summation in Algorithm
can be realized by following the proof of Theorem [{.13} Given the piecewise-
defined polynomial of the (k — 1)-th round, we perform the following steps in
the k-th round:

I create the interval partition I induced by its validity intervals and the upper
bound of the k-th round,
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II compute the new validity intervals by the witness pairs of I,

IIT split up the sum of Equation for each new validity interval like in proof
of Theorem

IV create a new piecewise-defined polynomial by the new validity intervals and
the summations, and finally

V continue with the (k + 1)-th round.

5 Running Time

For the running time analysis we assume that the basic arithmetic operations
addition, subtraction, multiplication and division can be carried out in constant
time.

We show in this section the following theorem:

Theorem 5.1. Given a fixed sequence I = (iy,1is,...,4,) of n integer numbers
1
there is a data structure computing the value L] for every z € Z in O(n) time,

independent of z. The data structure can be constructed in (’)(2”713) time.

We use the considerations of the previous section to develop a data structure
1 . . .
that evaluates Z — INg, z — L} for a fixed sequence I = (i1,42,...,4,) with

nG]N+

5.1 Theoretical Analysis

We focus on three phases:

(a) The construction of helping data structures like the binomial coefficients
and the Bernoulli numbers (see Lemma |4.10)) in the pre-computation phase,

(b) the actual computation of the piecewise-defined polynomials, and

(c) the evaluation for a given z € Z.

@ Precomputation. We compute the coefficients of Faulhaber’s formula
(given in Lemma for all exponents between 1 and n — 1, and store them in
a lookup table. Since these coefficients are based on the Bernoulli numbers and
the binomial coefficients, we store all binomial coefficients (') with 0 <1 < m <
n+1 and all Bernoulli numbers up to n in lookup tables, too. A naive approach
takes polynomial time in n, which will not influence the asymptotic running
time. Alternatively, the computation of the coefficients can be postponed until
they are actually needed. Such a lazy behaviour speeds up the initialisation at
the price of a later, practically slower evaluation.
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(]ED Computation of the piecewise-defined polynomial. We represent
a piecewise-defined polynomial by a list of pairs; each pair consists of a valid-
ity interval and its respective polynomial. The list is sorted by the beginning
positions of the validity intervals. Having the list of pairs in a sorted order,
a piecewise-defined polynomial with a list of size m can be evaluated in O(m)
time by means of a binary search on the validity interval bounds.

Speaking of the piecewise-defined polynomials constructed in Algorithm
we do not have to sort the list of any constructed piecewise-defined polynomial;
we fill the lists in ascending order by processing the witness pairs as highlighted
in the algorithm above. The constructed piecewise-polynomial of the k-th round
has at most 2* + 1 validity intervals, thus we can find the validity interval
containing a given value in O(Ig(2* + 1)) = O(k) time.

The most demanding part of Algorithm [3]is the computation of the coeffi-
cients of the polynomial defined on an interval ZF of I¥ = P(I*~! i), where
1<k<nand1l<m< |I¥|. We make again a difference whether L and H
coincide:

e If L £ H the algorithm computes the three sums U(z),C and D(z). The
computation of the coefficients of the first and last sum can be carried
out along the lines of the proof of Lemma [I.11] and Corollary [£.12] in
(’)(k3) time: for a monomial of the form ¢;z? with ¢; € Q and j € Ny the
coefficients can be computed in (’)( j2) time, and we do so for all monomials
€0, C1%, .., Ch_12""1 of order at most k — 1, due to Theorem |§)

Regarding the constant sum in the middle, we do not compute C in every
round from scratch, but handle this sum by a stepping technique: we pro-
cess the validity intervals in the ascending order described in the proof of
Lemma Between two consecutive steps (stepping from ZF, to ZF, 41)
we look at how C' changes: either C keeps the same value, or it is incre-
{(il,ig, e ,ik_l)]

J

one interval Z~ of I*=!. The change can be computed analogously as
sketched for U(z) and D(z) in O(k?) time.

mented /decremented by a value of ) jerh1 for ezxactly
1

e In the case L = H we can compute the coefficients analogously to above
in O(kS) time, too.

According to Theorem [4.13h)) we have at most 2¥ — 1 validity intervals. There-
fore, the running time for the k-th iteration is O(?kk?’). Since we perform

n
n iterations, the total running time is (’)(Z 2’“/{3) = 0(2"n3).
k=1

Evaluation time. The validity interval containing a given target value z
can be found by binary searching in O(lg(2" + 1)) = O(n) time. The piecewise-
defined polynomial on the respective validity interval is a polynomial of de-
gree n — 1. This polynomial can be evaluated in O(n — 1) time using Horner’s

method. Altogether, the computation of E] is carried out in time linear to n.

This concludes the proof of Theorem [5.1]
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6 Parallel Execution

It is easy to parallelize the algorithm using a pre-computation step:

Theorem 6.1. Given 7 = O(ng) processors, we can construct the data struc-
ture of Theorem(@ in parallel. If all processors are homogeneous, the compu-
2

tation time is O "”73> with high probability.

Our idea is to split up the computation of Algorithm [3|into a lightweight se-
quential pre-computation phase and a heavyweight parallel computation phase.

Sequential Pre-Computation. All validity intervals and witness pairs can
be computed without having the polynomials at hand. Hence it is eligible to
pre-compute the validity intervals of the k-th piecewise-defined polynomial for
every 1 < k < n, before starting with the construction of the polynomials
(in particular, their coefficients). The pre-computation computes the validity
intervals of each piecewise-defined polynomial in O(2") time. It also constructs
the n piecewise-defined polynomials, but omits to compute the coefficients of its
polynomials. We call these half-baked piecewise-defined polynomials skeletons.
The task of the subsequent parallel computation is to fill these skeletons. To
transmit these tasks to the parallel phase we describe them by the constructs
of futures and promises [2]: Each skeleton of a piecewise-defined polynomial p
is stored as a list of pairs; each pair stores a validity interval with its respective
future. Each future describes a polynomial that has to be computed in the
parallel phase. This description contains the respective validity interval and the
witness pair. The future can depend on other futures, i.e., on the computation
of a polynomial belonging to a piecewise-defined polynomial of a former round.
The pre-computation phase ends when the futures of all skeletons are described
as tasks put into a queue.

Parallel Computation. In the pre-computation phase, the main thread pushes
tasks into a queue. After the main thread has finished this phase, the other
threads start processing those pushed tasks. On removing a task from the
queue, a thread processes the task instantaneously. This fails if the future of
this task depends on a not-yet computed polynomial. This polynomial has to
be currently processed by another thread due to the ordering of the tasks put
into the queue. The tasks are ordered in such a way that the k-th skeleton is
transformed into the k-th piecewise-defined polynomials (1 < k < n), in ascend-
ing order of k. Every task of the k-th skeleton (1 < k < n) takes (9(2"”'1{73) time,
assuming that the computation is wait-free.

Figure [4 shows both phases with the blockings symbolized by lock symbols.
The blockings are present in a few places making the execution non-wait free:

e Taking a task from the queue is locked by a mutex. Alternatively, we
could create a queue for each thread using a load-balancing (like [I7]) or
a work stealing technique.

e The memoization data structure mentioned above is equipped with a read-
write lock in case that the associative array is sensitive for adding elements
simultaneously. Alternatively, we could endow each thread with its own
associative array, resulting in a higher work load.
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e The futures of the k-th skeleton can only be computed if its dependencies
on the futures of the (k — 1)-th polynomial are fulfilled.

The parallel execution depends on the resolution of the dependencies of the
futures. Informally speaking, the chance of processing a future without waiting
correlates with the number of validity intervals. Given that the piecewise-defined
polynomial p, of the k-th round has much more validity intervals than there are
threads, it is likely that most parts of p;, have already been computed when a
threads starts to compute a future of p,,,. Since we compute the polynomials
of p, ascendingly sorted by their respective validity intervals, it is likely that
DPr41 can be processed wait-free.

Let 7 € O(n3) be the number of threads. To analyze the running time,
we assume that p, of the last round has ©(2") validity intervals. Otherwise,
if there are m = o(2") validity intervals, then the construction algorithm of
Theorem H runs in O(mn?) time, and O(mn?®) C (9(2":—2), i.e., no parallel
execution is necessary to get the postulated bounds.

Given that p,, has ©(2™) many validity intervals, the computation of a future
is likely wait-free after the O(lgm)-th round if we assume that the processing
power of all threads is homogeneous. In this case, the wait-free part is domi-
nating since the overall time is

" k3 n3
n 3 k n
ol 2" +n(lgn)’+ E 2 —|= (’)(2 )
wait ,k:Tr+1 ,

wait-free

precomp
with high probability.

7 Practical Improvements of the Construction

First of all, we intercept special cases of upper bounds with the following prop-
erties:

° (Z¢(1)771¢(n)):| _ |:(i17"'ain)

. i ], where ¢ : [1,n] — [1,n] is a permuta-

tion

)

'(o,ig,...,z‘n)] _ [(ig,..z.,in)}

z

. (“’12’;'”")} =0ifi; <0

o I] = (1) if (i1,d2, .. 1) = (1,...,1).

E
We consider the following special cases:

e If there is a negative upper bound, we let the algorithm terminate prema-
turely, returning the polynomial p = 0.
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e We skip every bound that is equal to zero.

e We count the number d of bounds with the value one, and omit those
bounds during the construction of the piecewise-defined polynomial p built
on the n — d remaining upper bounds. With Lemma we can compute

min(z,d)

[I] = 3 (i)p(z — k) in O((n — d) min(z,d)) time. We pay a little

z

more evaluation time (O (n2) time) for speeding up the construction time
considerably.

From now on, it is left to deal with sequences of type I = (i1,...,i,) with
i;>1foralll1 <j<n.

Compact Representation of Normalized Interval Partitions. To slim
down the space usage we store just the upper boundaries (z1,...,z2;) of every
normalized interval partition I* = (] — oo, —1], [0, 21],[21 + 1, 22],...,[2j-1 +
1, 2], [#; + 1,00[). We can use this interval partition representation for the
validity intervals, too: Let us assume that we have finished the (k—1)-th round.
In the k-th round, we compute the interval partition I¥ induced by I*~! and iy,
by means of a sweep line algorithm in (9(|ka1 |) time (remember Lemma .

In more detail, let (21,...,2;) =af I*=1. We compute the representation
of I* by merging the ordered sequence (i, — 1,21 + i, 22 + i, . .., 2; + i) with
the ordered sequence (z1,22,...,2;), while removing duplicates and any zeros.

The merging gives an ordered sequence of integers representing I¥ in O(5) time.
During this merging process we determine the witness pair L, H € I*~! for each
interval ZF of P(I*~1 ij 1) with 1 <m < |]Ik| in constant time by a simple case
distinction.

Symmetric Property. We take advantage of the idea in Lemma [3.3} it suf-
fices to compute a piecewise-defined polynomial that answers Problem for
0<2<K =4 {Z?Zl %—‘ Hence, we can omit computing the polynomials on
the domains [k+1, 2k]. Given that Algorithm loops over an increasingly sorted
list of witness pairs, due to the above considerations, we break the foreach loop
whenever the lower witness L does not intersect with [0, x]. This shortcut does
not deteriorate the solution: neither the new coefficients nor the new validity
intervals depend on the values of the old piecewise-defined polynomial outside
the witness pair of the respective, new validity interval, at each round of the
algorithm. Finally, for answering a query with £ < z < 2k we evaluate the
piecewise-defined polynomial at 2k — z. To sum up, exploiting the symmetric
property reduces the running time of the algorithm to at least half of it.

Memoization technique. The computation of p — og(p) for a polynomial
p in Q is run O(2"n) times. In practice, we often evaluate this function for the
same polynomial; a memoization of this function comes in handy. We deploy a
memoization data structure retrieving oo (p) for a given polynomial p (it either
computes and stores og(p), or looks up oo(p) if it has already been computed).
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8 Experimental Results

We compared our Faulhaber based data structure of Algorithm [3] with the
naive algorithm of Algorithm [[} The implementations of both algorithms are
written in C++14, and are available at https://github.com/koeppl/integer_
partition.

Elementary Data Types. We focused on the exact calculation of the solu-
tion. The algorithm based on Faulhaber’s formula needs to operate with rational
numbers. On the one hand, we can express a rational number by a floating point
data type approximately, running into numerical inaccuracies at high dimensions
or huge upper bound values. On the other hand, we can express the numer-
ator and the denominator with integer types. Although the latter approach
does not have to deal with rounding errors, it is slower on common comput-
ers. We went a step further and employed integer types of arbitrary bit lengths
to remedy arithmetic overflows. For that purpose we used the data types of
the GNU Multiple Precision Arithmetic Library (see https://gmplib.org). It
goes without saying that this approach is slower than working with elementary
numeric data types suitable for small instances.

Precomputation. We precomputed the first 200 binomial coefficients in a
lookup table, such that we can answer (Z) for n < 200,k < n in constant time.

Memoization. We realized the memoization technique by deploying an as-
sociative array for each polynomial degree. The associative arrays are imple-
mented with red-black trees. A better candidate would have been a geometric
data structure like a kd-tree. Neither a hash table nor a standard kd-tree did
(considerably) improve the running time of our experiments.

Rarely used polynomials tend to clutter the dictionary. On some instances,
a good approach would be to track the usage of the stored polynomials such
that the associative array can remove old unused entries on a regular basis.

Setup. The experiments were conducted on a machine with 32 GB of RAM,
an Intel Xeon CPU E3-1271 v3 and a Samsung SSD 850 EVO 250GB. The op-
erating system was a 64-bit version of Ubuntu Linux 14.04 with the kernel
version 3.13. We used up to four cores for the execution. The source code
was compiled using the GNU compiler g++ 6.2.0 with the compile flags -03
-march=native -DNDEBUG. Under these circumstances we obtained the results
from Figure[] In the following, we call the Faulhaber based data structure Faul-
haber, and the naive algorithm Naive. The running times of Faulhaber include
the pre-computation of the aforementioned coefficients, and the construction of
the piecewise-defined polynomials. The sequential variant of Faulhaber is not
considerably faster as the parallel version of Faulhaber with one thread, i.e.,
we do not distinguish between the sequential version and the parallel version
running with one thread in the experiments. We aborted a test run (speaking
of Naive) after one hour.

In order to test and demonstrate some properties we constructed the exam-
ples No. 1-17,23-32 by hand and used randomly generated instances to test the
average behaviour (No. 18 and No. 19).
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Number of Threads
No. 1 2 3 4

14 763 404 284 249
15 2978 1535 1062 950
16 15622 7949 6149 4714
17 15618 7927 5456 4335
22 182 124 83 74
26 119 70 54 45
27 523 277 195 154
28 2384 1220 834 790
29 10611 5323 3658 2826
30 46993 23633 16355 12609

Table 1: Running time of Faulhaber with different numbers of threads. Time is
in milliseconds.

The experiments reveal expected and interesting results:

On small instances Naive achieves better running times because it does not
need to construct a data structure with an expensive construction time
(see No. 1, 2, and 3).

Naive runs fast on instances with a small target value, even if the upper
bounds are great (see No. 5,6, 9, 11, and 16). In this case the sum from
Lemma [3.2] has only a small number of summands.

The running time of Faulhaber correlates with the number of the upper
bounds (cf. No. 1-4, 5-10, and No. 11/12; the last two instances show that
the running time tends to slow down on larger numbers).

Faulhaber has a running time depending also on the number of validity
intervals in the constructed data structure. For a sequence (iy,ia,...,0,)
with i1 =iy = ... =1, there are exactly 2n+1 validity intervals in the final
result (see No. 5-7,20-22). The sequences from No. 9-12 are constructed
such that they have the maximal number of validity intervals in the final
data structure. This explains the difference between No. 13 and No. 14.
A drastic example for this phenomenon is given by No. 20 and No. 27.

The examples No. 23-30 (which have the maximal number of validity
intervals in the final data structure) show the hyperexponential growth
of the runtime (recall the data structure construction time of O(2"n?) in
Theorem [5.1)) of Faulhaber. However, it performs for big input instances
and great target values better than Naive.

Seemingly surprisingly, Faulhaber performs for a fixed sequence slightly
better for values of z near to ) 7_, % than for values near 1 (see No. 16~
17). There are two reasons for this behaviour: first, the binary search
starts in the middle. Second, around Z;’:l %j, the polynomials often have
a simpler structure than near 1 (cf. the final result from our elaborated

example depicted in Figure|3)) and can hence be evaluated faster.
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Part Time

Naive 11.31 ms
Binomial Coefficients 1.18 ms
Bernoulli Numbers 5.21 ms
Faulhaber Coefficients 5.92 ms
Validity Intervals 0.08 ms
Variants of Faulhaber

Sequential 18.32 ms
Sequential with Mirroring 14.02 ms
Parallel 6.61 ms
Parallel with Mirroring 5.56 ms

Table 2: Detailed run on No. 11. The parallel algorithm was executed with four
threads.

#Threads Time Opt. Time Ratio

1 46.993s 46.993s  100%
2 23.633s 23.326s  98.7%
3 16.355s 15.551s  95.1%
4 12.609s 11.663s  92.5%

Table 3: Run on No. 30 with a different number of threads. The optimal time
(opt. time) is the time given by the division of the sequential running time by
the number of threads.

e The test examples No. 18 and No. 19 are randomly generated examples
with five and eight upper bounds, resp. In these cases Faulhaber performs
much better. The running times for similar randomly generated instances
behaved in a comparable way.

The parallel version of Faulhaber is additionally tested on those instances
where the sequential version already had to spent some time on the computation.
The measured times are listed in Table [Il

Table 2] gives a detailed view on the running times of the pre-computation
phase, the computation of the validity intervals and some variants of Faulhaber,
for the instance No. 11. The times for the variants of Faulhaber are without
the pre-computation, and without computing the validity intervals. The times
were measured internally, i.e., we did not measure the loading of the program.
This is why the running times are slightly faster than the times measured in the
other experiments.

Finally, we measured the speedup on No. 30 in Table Up to the four
available cores the speedup is nearly linear to the number of threads.

9 Application, Conclusion and Outlook
Application. An application of our algorithm is the study of computing the

Pareto front of a discrete set in the field of multi-objective combinatorial op-
timization [I2, [B]: Given n linear orders on a finite set U, the j-th linear or-
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der <; induces an isomorphism ¢; from the elements of U to an interval [1,4;]
such that a <; b iff ¢;(a) < ¢;(b). We can assign each element a € U to
a vector (a1,...,a,) € Ny such that a; = ¢;(a) € Ny is the e;-th element
(we start counting from zero) with respect to the j-th criteria. The order on
the vectors u < v &g Vj : a; < bj and 35 : a; < b; induces the Pareto
set S={acU:PbecU:b<a} of U. The order can be embedded in a lat-
tice (adding missing elements such that the greatest and the least element are
unique) whose Hasse diagram has the characteristic that every node a € S at
depth d holds the property Z?Zl a; = d (the top node has depth 0). Figure@
depicts an exemplaric Hasse diagram where the a;’s are the bounds of our ex-
ample from Section [{.1] Unfortunately, there is little known about the shape of
this particular type of Hasse diagram. The problem of enumerating the nodes
sharing the same depth is reducible to computing the number of ordered integer
partitions with upper bounds, since the upper bounds are given by (i1, ..., ,).
The solutions described in this article can also be utilized to determine the
number of depths z sharing the same maximal number of nodes in O(nlgz)
time by a binary search on the depths. Recent scenarios in the field of database
research [20] present problems with more than five upper bounds whose sizes
scale up to the big data domain of 10°. In this domain, the Faulhaber based
algorithm offers for the very first time the possibility for practical computation.

Conclusion. We have studied the computation of the number of different in-
teger partitions with given bounds and a given integer value. To tackle this
problem we presented a naive algorithm and a novel data structure with a com-
plex construction time. The data structure performed well on big instances
(which are also of practical interest) whereas the naive algorithm is preferable
on simple small instances. We presented a parallel version of the construction al-
gorithm of the proposed data structure. On some instances we could empirically
measure that the speedup is nearly linear.

The main drawback of the presented data structure is the possibly exponen-
tial number of validity intervals, leading to the factor 2" in the construction
running time of 0(2"n3). A substantial improvement of an approach based on
validity intervals is hard to expect.

Outlook. To get a faster running time on small instances (e.g., the compu-
tation of the coefficients in Table [3] takes the majority of time of the complete
execution), we could improve the computation of the coefficients as already
mentioned in Section [5l

A totally different approach consists in exploiting results for discrete convolu-
tions, since the equation from Lemma [3.2]is a discrete convolution of the func-
(ila i27 R Z'n—m) and (in—m+17 Z'n—m+27 cee 7in) )

k z—k

for fast discrete convolution [9} [I4] could improve the running times on large
instances. Here further research is needed to investigate this approach.

Another way to parallelize the construction algorithm is to split the domain
[1,2?:1 ij] of the final piecewise-defined polynomial up in 7 many intervals
(the borders of the domain split are defined by borders of the validity intervals
of the final piecewise-defined polynomial). The computation of a polynomial p
is wait free if the polynomials of lower degree on which p depend are already

tions Known algorithms
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computed. To guarantee this, we let each thread additionally compute the lower
degree polynomials needed by the final polynomial by themselves. This results
in a higher work load, but perhaps a faster executing time since the execution
is wait free.
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Figure 4: Schedule of the parallel algorithm. A preparing, sequential phase
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No. z I Faulhaber Naive
1 1 (3,4,5) 16 4
2 15 (3,4,5) 16 4
3 1 (3000,4000,5000) 15 3
4 6000 (3000, 4000, 5000) 16 7
5 1 (10%10%,10%,10%,10%) 15 2
6 300 (10%,10%,10%,10%,10%) 15 19
7 2510 (10%,10%,10%,10%,10%) 16 113915
8 25015 (10000, 10005, 10010, 10015, 10020) 17 113991
9 1 (10993,10520, 10856, 10346, 10039) 17 4
10 26377 (10993, 10520, 10856, 10346, 10039) 17 127070
11 180 (33,29,42,34,59, 76,54, 33) 30 16
12 40090 (10000, 10005, 10010, 10015, 10021, 92 654035
10027, 10039, 10063)
13 5000 (10000, 10000, 10000, 10000, 17 >1h
10000, 10000, 10000, 10000, 10000,
10000),
14 52683 (10993, 10520, 10856, 10346, 10039, 763 >1h
10644, 10005, 10941, 10718, 10305)
15 66131 (12184, 12324, 14685, 11098, 13357, 2978 >1h
13863, 10796, 10914, 10989, 11115,
10937),
16 1 (12184, 12324, 14685, 11098, 13357, 15622 2
13863, 10796, 10914, 10989, 11115,
10937, 13634)
17 72948 (12184, 12324, 14685, 11098, 13357, 15618 >1 h
13863, 10796, 10914, 10989, 11115,
10937, 13634)
18 2856 (3696, 3894, 4137, 7588, 7816) 16 1508
19 26433  (5641,9314,969, 8643, 6291, 6241, 8747, 7041) 70 267207
20 5000 (1000*19) 19 >1h
21 5000 (1000*29) 51 >1 h
22 5000  (1000*39) 182 >1h
23 20 Js 16 2
24 20 Jg 19 5
25 20 Jy 38 4
26 20 Jg 119 2
27 20 Jy 523 3
28 20 Jio 2384 3
29 20 Ji; 10611 4
30 20 Jyo 46993 5
31 50 (1*15.50) 15 11
32 50  (1%30.50) 15 108

Figure 5: Experimental Results. The upper bounds Ji, = (jo, - . -

, Jk) are defined

by j1 = 3, and jr = 2jx_1 + 1 for k£ > 1. Time is in milliseconds. Especially
bad times are visualized in red color and bold font. The notation j**¥ means
,j (k many j’s).

Jyene
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(0,0,0)

[00)] [010)] [0.0.1)]

[[@95010) | [ (049,100 | [ (30509) |

(30,50,10)

Figure 6: Hasse Diagram with the bounds (30, 50, 10). The mapping of elements
of U to the lattice is in general not surjective, i.e., there can be elements of the
lattice that do not correspond to any element of the set U; we exemplaric grayed
out some elements of the lattice to symbolize this fact.
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