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Abstract
When evaluating functional programs, there are various strategies for reducing
expressions. A strategy is Lévy-optimal if it never does redundant work such
as reducing terms that are later erased, while also sharing reduction work max-
imally. To implement this efficiently, graphical representations like interaction
nets can be used to encode the sharing of duplicated terms. Beyond optimality,
interaction nets provide elegant solutions for parallelization and distributed com-
puting, making them an attractive backend for programming languages. The
communication between interaction nets and the real world is rarely discussed,
despite the necessity for side effects such as IO in real-world applications. In
this thesis, we will therefore analyze existing implementations, and formalize
and implement an optimal runtime with side effects.
Since side effects are inherently sequential and interaction nets are not, the
main challenge lies in embedding such sequentialization in an otherwise non-
sequential system. Our approach introduces a novel formalization using a
token-based understanding of execution. We further present two solutions for
enforcing a strict sequence upon this system using a custom token-passing se-
mantics. Finally, we argue about the feasibility of our approach by providing
initial practical results.
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Introduction

We start with a language that many students are introduced to in primary school:
Elementary arithmetic. It consists only of an infinite set of symbols (numbers),
a few infix operators (addition, subtraction, multiplication, division) and their
reduction rules, a simple syntax on how to combine them arbitrarily, as well as
syntactic precedences on certain operators (such as multiplying before adding).

Yet, writing and composing terms in this simple language allows us to de-
scribe all kinds of complex relationships. The emerging complexity can also be
seen in the many decisions that have to be made when we want to evaluate the
term efficiently. For example, say we want to calculate

0 ⋅ 1 ⋅ (2 + 3) ⋅ 4 ⋅ 5 − 4 ⋅ 5.
We can observe how this calculation can be evaluated—reduced—using different
strategies: Reduction could start in the parenthesized term, from left to right,
from right to left, or in random order.

In this case, using a strategy in which the reduction of the parenthesized term
is delayed as long as possible will require fewer steps than when it is reduced at
the start, as 0 ⋅ (2 + 3) = 0 can be reduced in a single step. It can also be seen that
the strategy with the minimum number of reduction steps is the strategy which
generally reduces multiplications with 0 eagerly before inspecting or reducing
its other argument. Additionally, the multiplication (4 ⋅ 5)may be shared in such
a way that it is only calculated once and then substituted into both the left and
the right terms of the subtraction—thus preventing redundant calculations. Fi-
nally, this specific term could be reduced in parallel, as (2 + 3) and (4 ⋅ 5) do not
interfere and may be calculated at the same time. However, this parallelismmust
happen in cooperation with the mechanisms required for sharing, as (4 ⋅ 5) could
otherwise still be calculated twice.

Minimal modifications to the syntax, symbols, and reduction rules of this cal-
culus will yield a kind of programming language. The calculus that we focus on
in this thesis is called the 𝜆-calculus. The 𝜆-calculus forms the basis of manymod-
ern programming languages. Its minimalism comes with a cost not dissimilar to
the challenge of reducing elementary arithmetic efficiently: Reducing terms in
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parallel, sharing equivalent terms, choosing the reduction strategy, as well as de-
laying the reduction of certain terms until they are needed are all problems that
have been exhaustively studied in the 𝜆-calculus.

Of course, the effects of improving upon these challenges are much larger in
the case of the 𝜆-calculus than in the basic arithmetic that we have shown before.
Being the backbone of millions of programs, languages making use of the parallel
nature of our hardware or requiring less reduction work in the first place, has
tremendous implications on their overall efficiency and energy consumption.

Interaction nets as introduced by Lafont [1] provide an elegant solution to the
mentioned problems. They consist of agents (nodes) connected via wires (edges).
Being a graph-based encoding, the support for sharing terms is inherent in its de-
sign. Because of properties called locality and strong confluence, interaction nets
are particularly useful for reducing terms in parallel and with arbitrary reduction
strategies.

Furthermore, interaction nets can provide the optimality property [2]. Re-
ducing languages optimally guarantees to never do work redundantly, therefore
requiring the minimum number of reduction steps. No unneeded terms are ever
reduced and reduction of terms is always shared as much as possible [2, p. 146].

Unfortunately, optimality can come with a certain overhead, which is why
minimizing the reduction work does, importantly, not imply that the term will
be reduced in the minimal time in practice [3]. Additionally, it is an unsolved
problem to reduce optimally while at the same time striving for maximal paral-
lelism [2, p. 148].

This becomesmore complexwhen recognizing the following fact: Actual pro-
gramming languages will have to support side effects. Interacting with the user,
reading files, or requesting data from the internet are required for a language to
be useful. As an implication of the physical nature, interacting with the environ-
ment typically happens in a strict sequence indexed by time. Embedding side
effects in pure languages such as the 𝜆-calculus therefore quickly gives rise to
questions regarding the order in which terms with side effects are to be reduced.

Take for example an extension of elementary arithmetic that can read inte-
gers from a user input, potentially yielding different results depending on the
order in which the readInts are executed:

(readInt() + 4) ⋅ (readInt() + 2)
We then state the following question: How can side effects be executed in strict se-
quentiality while the system itself is supposed to be inherently non-sequential? How
does this interact with the challenge of minimizing redundancy while maximizing
sharing?

Existing solutions of forcing sequential execution either limit the possibility
for parallelism and sharing to certain cases, or eliminate it completely. On the
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other hand, implementations based on interaction nets either do not support side
effects at all, only to a limited extent, or support side effects only after the rest
of the term has been fully reduced.

Separating side effects from the rest of the reduction completely is problem-
atic: There are indeed cases where parallel or non-sequential execution of ef-
fectful terms is desired, since not all side effects affect or depend on each other.
Reading from different files, for example, does not normally require a strict se-
quential order and could also be done in parallel.

let fileA = readFile "a.txt";
let fileB = readFile "b.txt";
let fileC = readFile "c.txt";
print (fileA + fileB + fileC)

Side effects are traditionally not added to optimal languages and seemingly elim-
inate many of their desired properties while adding a lot of complexity. Only
recently with the introduction of the Higher-Order Virtual Machine (HVM) [4]
have languages based on interaction nets started targeting a broader audience
and therefore started exploring implementations of side effects.

Contributions
We address the problem of embedding sequential execution into the otherwise
non-sequential system of interaction nets, while focussing on the optimality
property. Concretely, our contributions consist of four main parts:

Optimal Effects We develop a minimal effectful 𝜆-calculus and describe a
translation to effectful agents of interaction nets that can be reduced optimally.
We provide a token-based understanding of executing effectful terms sequen-
tially. To our knowledge, we present the first formalization of side effects and
their interactions in the context of interaction nets.

Implementation We design and implement minimal languages extending
the introduced effectful 𝜆-calculus and interaction net encodings with different
methods of sequentializing the execution of side effects. Notably, we embed
monadic- and direct-style semantics into the effectful 𝜆-calculus, the introduced
language, and interaction nets.

Survey We discuss existing implementations of side effects in languages based
on interaction nets. We further relate our work to research from different do-
mains with similar goals.
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State of the Art We build upon the current state of interaction net research by
using symmetric combinators and polarity types. We improve upon this state of
the art by showing how polarization of agents in a way prescribes the execution
order of effectful terms.

Language Overview
In the course of this thesis we define several languages in order to present our
approach and argue about its feasibility:

• Lsim: A simple programming language that we use as a common base.

• Ldir: An extension of Lsim with support for direct-style semantics.

• Lmon: An extension of Lsim with support for monadic-style semantics.

• Λ: The 𝜆-calculus in its purest form.

• Λeff: An extension of Λ with support for side effects.

• Λmon: An extension of Λeff with support for monadic-style semantics.

• Σ: The base of interaction nets.

• Σeff: An extension of Σ with support for side effects.

• Σmon: An extension of Σeff with support for monadic-style semantics.

• Σpol: The polarized base of interaction nets.

• Σpeff: An extension of Σpol with support for side effects.

• Σpdir: An extension of Σpeff with support for direct-style semantics.

• Σpmon: An extension of Σpeff with support for monadic-style semantics.

The relation between these languages is laid out in figure 1.
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Lsim Ldir Lmon

Λ Λeff Λmon

Σpol Σpeff Σpdir Σpmon

Σ Σeff Σmon

definition 4.2
definition 6.6

definition 1.12 definition 7.7definition 5.2 definition 6.7

polarization polarization polarization

Figure 1 The languages described in this thesis and their relations together with the
definitions in which they are described. Each arrow indicates the existence of a transla-
tion from one language to another.
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Chapter 1

Foundations

This chapter provides the foundations for understanding the rest of our work. In
section 1.1 we define the 𝜆-calculus—the base of this thesis. We then go on to dis-
cuss interaction nets and their relations to the 𝜆-calculus. Finally, we introduce
our definition of the term “side effects”.

1.1 Pure 𝜆-Calculus
The 𝜆-calculus forms the foundation of well-known functional programming lan-
guages such as Haskell, OCaml, or F#.

We recall relevant definitions of Λ based on the writing of Barendregt [5].

Definition 1.1 (Terms of the Pure 𝜆-Calculus). The terms of the pure 𝜆-calculus
Λ are:

𝑡 =∷ (𝜆𝑥.𝑡) Abstraction
∣ (𝑡 𝑡) Application
∣ 𝑥 Binding

𝑥 ∈ 𝑎, 𝑏, abc, … Symbol

Applications default to left associativity, allowing the shorthand (𝑡1 𝑡2 𝑡3 … 𝑡𝑛)
for ((… ((𝑡1 𝑡2) 𝑡3) … ) 𝑡𝑛). Nested abstractions can be contracted: (𝜆𝑎.(𝜆𝑏.𝑀))
can be written equivalently as (𝜆𝑎𝑏.𝑀). We omit outermost and redundant paren-
theses, and abstractions have a higher precedence than applications.

Terms can then be inductively constructed using these rules. Notably, differ-
ent symbols can have the same meaning. For example, a term 𝜆𝑥𝑦.𝑥𝑦 is equiva-
lent to 𝜆𝑎𝑏.𝑎𝑏 in every way that matters for reduction (𝛼-equivalence).
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A binding binds a symbol to a single abstractionwith the same name. Bind-
ings are resolved by an application to an abstraction. The process of such an
application is called 𝛽-reduction.
Definition 1.2 (𝛽-Reduction). Let 𝑀,𝑁 ∈ 𝑡 be arbitrary terms of the pure 𝜆-
calculus. An application (𝜆𝑥.𝑀) 𝑁 is called a 𝛽-redex. A 𝛽-redex 𝛽-reduces
with the following rewrite rule:

(𝜆𝑥.𝑀) 𝑁 𝛽⇝ 𝑀{𝑥 ↦ 𝑁},
where any symbol 𝑥 within 𝑀 is substituted by the term 𝑁 .

With 𝛽-reduction, abstractions resemble functions in functional program-
ming languages.

Example 1.3. Let 𝑀 = (𝜆𝑎𝑏.𝑎) 𝜆𝑥.𝑥 be a 𝛽-redex that applies the identity func-
tion 𝜆𝑥.𝑥 to a term receiving two consecutive arguments and only keeping the
first one. Then, 𝑀 𝛽-reduces to:

𝑀 𝛽⇝ 𝜆𝑏𝑥.𝑥
Symbols not bound by an abstraction are free and can not be substituted.

Definition 1.4 (Free Symbols). The set of free symbols fv(𝑀) is constructed
inductively for a given term 𝑀 :

fv(𝜆𝑥.𝑀) = fv(𝑀) ⧵ {𝑥}
fv(𝑀 𝑁) = fv(𝑀) ∪ fv(𝑁 )

fv(𝑥) = {𝑥}
If a term𝑀 has fv(𝑀) = ∅, it is closed. The number of free symbols of name 𝑥 in
a term 𝑀 is written as #𝑥(𝑀).

𝛽-reduction has implicit functionality that is relevant when discussing effi-
cient implementations and reduction techniques:

Duplication (𝜆𝑥.𝑀) 𝑁 with #𝑥(𝑀) = 𝑛 > 1 duplicates 𝑁 𝑛 times.

Erasure (𝜆𝑥.𝑀) 𝑁 with #𝑥(𝑀) = 0 erases 𝑁 .

In the aspect of efficiency and sharing it wouldmake sense to reduce terms before
substituting when #𝑥(𝑀) > 1, and not reducing terms at all when #𝑥(𝑀) = 0.
However, having #𝑥(𝑀) > 1 does not mean that every term substituted into 𝑥
will eventually be used, as they could also get erased. We discuss this problem
of optimization under the name of optimality in section 1.3.5.

The reflexive, transitive closure of 𝛽-reduction is written as 𝛽⇝⇝ [6], such that
𝛽⇝⇝ is the smallest relation that satisfies:
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Reflexivity Every term can reduce to itself: 𝑀 𝛽⇝⇝ 𝑀 .

Transitivity Reductions can be chained: If 𝑀 𝛽⇝⇝ 𝑁 and 𝑁 𝛽⇝⇝ 𝑃 , then 𝑀 𝛽⇝⇝ 𝑃 .

Definition 1.5 (Diamond Property). A reduction relation ⇝ satisfies the dia-
mond property for a language L, if for 𝑀,𝑀1, 𝑀2 ∈ L and 𝑀1 ≠ 𝑀2, 𝑀 ⇝ 𝑀1
and 𝑀 ⇝ 𝑀2, there exists 𝑀′ ∈ L, such that 𝑀1 ⇝ 𝑀′ and 𝑀2 ⇝ 𝑀′:

𝑀

𝑀1 𝑀2

𝑀′

The 𝜆-calculus satisfies this property only for the reflexive, transitive closure
of 𝛽⇝, not 𝛽⇝ itself [5, p. 61].

Theorem1.6 (Church-Rosser, Barendregt [5]). 𝛽-reduction is Church-Rosser: 𝛽⇝⇝
satisfies the diamond property of Λ.

𝑀

𝑀1 𝑀2

𝑀′

𝛽 𝛽

𝛽 𝛽

When a term does not contain further 𝛽-redexes, the term has reached the
𝛽-normal form. We write 𝑀 ↓ 𝑀′, if 𝑀 reduces to 𝑀′ and 𝑀′ is a normal form.

As a direct implication of the Church-Rosser property, the order in which
𝛽-redexes are reduced does not influence the 𝛽-normal form: Every term has
either a single 𝛽-normal form, or reduces indefinitely. Therefore, if 𝑀 ↓ 𝑀′ and
𝑀 ↓ 𝑀″, then 𝑀′ = 𝑀″.

Notably, since 𝛽⇝⇝—not 𝛽⇝—satisfies the diamond property, there can exist
multiple reduction pathswith different length. For example in the diagram above,
the reduction𝑀1

𝛽⇝⇝ 𝑀′ could use 𝑛 one-step 𝛽-reductions, while𝑀2
𝛽⇝⇝ 𝑀′ may

take 𝑛, fewer, more, or none at all. This is true analogously for 𝑀 𝛽⇝⇝ 𝑀1 and
𝑀 𝛽⇝⇝ 𝑀2.
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1.2 Interaction Nets
Interaction nets were introduced by Lafont [1] as a graphical model of computa-
tion with inherent parallelism and determinism.

Interaction nets consist of agents 𝑎 with a principal port and ar(𝑎) = 𝑛 auxil-
iary ports. Ports of agents are connected bywires. Any number of interconnected
agents can be abstracted into a “black box” with free wires representing the un-
connected ports of the agents it contains.

𝑎
⋯

principal port

x1 xar(𝑎)

auxiliary ports

y𝑚 ⋯
y1

x1
⋯

x𝑛

Agent Abstracted Net

Figure 1.1 Interaction nets consist of interconnected agents, which can be abstracted
into boxes.

Interaction rules specify the behavior of two agents connected by their prin-
cipal ports. Agents connected by their principal ports form an active pair and
can then interact. The result is a net with an equivalent set of free wires. There
only exists at most one interaction rule for any given (unordered) active pair (“no
ambiguity” [1]). If no rule exists, the agents do not interact. Once no further rule
can be applied to any agents in a net, it is in normal form.

In our visualizations, we highlight active pairs using a red wire, as in fig-
ure 1.2.
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y𝑚 y1
⋯

⋯
x1 x𝑛

⇝

y𝑚 ⋯
y1

x1
⋯

x𝑛

Figure 1.2 Interaction of two agents forming an active pair.

We write an interaction between two agents as the one-step reduction re-
lation ⇝. It has been noted by Lafont [1] that this relation is purely local: In-
teraction rules only ever apply to two agents and cannot interfere with other
interactions.

This property comes in addition to strong confluence1.

Theorem 1.7 (Strong Confluence, Lafont [1]). The reduction relation ⇝ of inter-
action nets satisfies the diamond property.

Strong confluence and locality have several notable implications on the re-
duction behavior: The order in which interaction rules are applied has (1) no
influence on the result of the reduction, and (2) no influence on the total number
of interactions required until a normal form is reached (if existing). Therefore,
”if one abstracts from the irrelevant order of application of rules, there is only
one possible reduction” [7] from an interaction net to its normal form.

1.2.1 Interaction Calculus
In order to argue about interaction nets in a formal way, we introduce two nota-
tions: Lafont’s notation [1] for describing an interaction rule formally, and the
interaction calculus [8] for describing the structure of a single net.

We recall the definitions of Fernández; Mackie [8]:

Names N is the set of names ranged over by x, x1, y, … . Names are the formal-
ization of ports of agents.

Agents A is the set of agents ranged over by 𝛼, 𝛽, 𝛾 , ◁, ▷, … .
1Historically, the term “strong confluence” is overloaded. We use the definition by Lafont [1],

different from the one by Huet [6].
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Terms A term is constructed by 𝑡 =∷ 𝑥 ∣ 𝑎(𝑡1, … , 𝑡𝑛), where 𝑥 ∈ N and 𝑎 ∈ A
with ar(𝑎) = 𝑛. 𝑡𝑖 are terms such that each name only appears at most twice,
thus corresponding to wires between two equivalently named ports.

Equations Given terms 𝑡 and 𝑢, 𝑡 == 𝑢 is an equation. Multisets of equations
arewritten asΔ,Θ,… . Such equations correspond towires between named
ports or the principal ports of terms.

Configurations In a configuration ⟨𝑡1, … , 𝑡𝑛 ∣ Δ⟩, the terms 𝑡𝑖 represent the inter-
face of the encoded net—i. e. the wires open for connection.

Interaction Rules Two agents 𝑎, 𝑏 ∈ A form an active pair in 𝑎[𝑡1, … , 𝑡𝑛] ⋈
𝑏[𝑢1, … , 𝑢𝑚]. 𝑡𝑖 corresponds to the resulting term at the 𝑖th auxiliary port
of 𝑎, and equivalently for 𝑢𝑖 and 𝑏. We refer to it as Lafont’s notation, as
it was presented first by Lafont [1]. As in interaction nets, these rules are
symmetric and unique for a pair of agents.

We do not discuss the reduction rules of the presented calculus further and
instead refer to Fernández; Mackie [8] for more details.

1.2.2 Symmetric Interaction Combinators

The fundamental laws of
computation are commutation and
annihilation.

Lafont (1997)

Lafont [7] introduced the interaction combinators as a minimal, yet complete
subset of interaction nets that suggests its laws may be the fundamental laws
of computation itself. The system consists of three agents: The constructor,
duplicator, and eraser. The interaction combinators are universal: “Any in-
teraction system can be translated into the system of interaction combinators.”
[7, Theorem 1].

Systems using interaction combinators are easier to implement and optimize
than general interaction nets since they have a fixed, small set of agents. The
symmetric interaction combinators were introduced in the PhD thesis of Mazza
[9] and provide a further simplification of the interaction combinators: They
require only one instead of two rules for the “annihilation” of constructors and
duplicators.

We extend the system minimally with an initiator2 that represents the root
of an interaction net. This agent allows for interaction specifically with the root
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of a term and makes translated programs not have a “dangling” wire that would
otherwise not connect to anything at all. [10]

Definition 1.8 (Agents of Σ). We define as Σ ⊂ A the set of agents of the sym-
metric interaction combinators with the initiator.

Σ = {𝜁∘, 𝜄∘, 𝛿∘, 𝜀∘},
with ar(𝜁∘) = ar(𝛿∘) = 2 and ar(𝜄∘) = ar(𝜀∘) = 0.

Constructor Initiator Duplicator Eraser

Figure 1.3 The symmetric interaction combinators plus initiator. From left to right:
𝜁∘, 𝜄∘, 𝛿∘, 𝜀∘.

The interaction rules of Σ can be categorized into annihilation and commu-
tation. Annihilations describe the interactions between equivalent agents, and
commutations describe interactions between two agents that are not equiva-
lent. [9]

When a non-duplicating agent 𝑎 interacts with a duplicator 𝛿∘, the agent is
duplicated on both of 𝛿∘’s auxiliary ports, while the duplicator gets propagated
through the ar(𝑎) = 𝑛 ports of 𝑎. In figure 1.4, x1 will be connected to a duplicate
of the agent 𝑎(y1, … , y𝑛). In order for a net connected to a duplicator eventually
being iteratively duplicated completely, the duplicators are correspondingly
connected to the auxiliary ports of the duplications of 𝑎.

Unintuitively, as a direct implication of theorem 1.7, the number of dupli-
cations during reduction, as any other interaction, is constant and cannot be
changed by prioritizing the reduction of other agents such as erasers.

When an eraser interacts with an agent 𝑎, it removes the agent and con-
tinues at its auxiliary ports. Via duplicator and eraser, commutations allow
a form of iterative memory management which happens independently of the
reductions of the term being duplicated or erased.

2The naming comes from the reference implementation [11] of Lambdascope [12], although
its use is not mentioned in the published work itself.
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y𝑛
⋯
y1

x1 x2

⇝
⋯

y𝑛 y1

⋯

x1

⋯

x2
x1

⋯
x𝑛

⇝ ⋯
x1 x𝑛

Figure 1.4 Commutations in Σ, where ≠ is an arbitrary non-duplicating agent.

The other case of interactions are the annihilations in figure 1.5. When two
constructors or duplicators interact, they will both get erased and their ports
get connected symmetrically (x1 to y1, x2 to y2). When two erasers interact they
will also both get erased, but with no wires remaining.

y2 y1

x1 x2

⇝

y2 y1

x1 x2

⇝ ∅

Figure 1.5 Annihilations in Σ, where ∈ { , } and ∅ is the empty set.

Definition 1.9 (Interaction rules of Σ). The commutation and annihilation rules
of Σ are formalized using Lafont’s notation:

𝛿∘[𝑎(x1, … , x𝑛), 𝑎(y1, … , y𝑛)] ⋈ 𝑎[𝛿∘(x1, y1), … , 𝛿∘(x𝑛, y𝑛)]
𝜀∘ ⋈ 𝑎[𝜀∘, … , 𝜀∘]

𝛿∘[x, y] ⋈ 𝛿∘[x, y]
𝜁∘[x, y] ⋈ 𝜁∘[x, y]

𝜀∘ ⋈ 𝜀∘
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In following definitions we do not define the interactions with 𝛿 and 𝜀 explicitly,
and assume them to always be applicable.

1.3 𝜆-Calculus and Interaction Nets
In section 1.1 we have shown 𝛽⇝⇝ as having the diamond property, but not 𝛽⇝. One
of the motivations for translating the 𝜆-calculus to interaction nets is that it can
then indirectly provide the property of strong confluence. With strong confluence,
every reduction path has the same length.

Furthermore, encoding the 𝜆-calculus as interaction nets can provide the op-
timality property. This property by itself guarantees that the reduction will not
duplicate reducible terms, i. e. do redundant work, thereforeminimizing the num-
ber of 𝛽-reductions. We describe this property further in section 1.3.5.

The expression of 𝜆-terms in interaction nets has been achieved using several
techniques: Lamping [13] described an encoding of 𝜆-terms using agents similar
to interaction agents via an extension of a graph-based encoding by Staples [14].
Lamping’s graphs were formalized and described in the context of interaction
nets by Gonthier; Abadi; Lévy [10]. The interaction combinators by Lafont [7]
described in detail the mechanisms involved in duplicating and erasing agents—
an essential part in reducing the 𝜆-calculus. Further developments [15, 16, 2, 17,
12] differ mostly in general optimizations and the implementation of the book-
keeping oracle (see section 1.3.6).

The presented encoding uses a polarized variant of the symmetric interaction
combinators, Σpol.

1.3.1 Polarization
The concept of polarization was introduced by Lafont [1]. There, they assign
ports of interaction agents to polarities 𝑝 ∈ {⊕,⊖} in addition to type labels.

A simpler type system is the one used by Fernández; Mackie [18], where po-
larity itself is the only type. In an abstract sense, a positive polarity⊕means that
the port produces something during interaction. Similarly, a negative polarity ⊖
means that the port consumes something during interaction.

Ports can only be connected to ports of opposing polarity. Polarized inter-
action rules must preserve polarization. A polarized network that follows these
rules is called well-typed [18]. If an unpolarized network can be well-typed by
polarization, the resulting network encodes a specific flow of information; Lafont
[7] described polarized combinators as directed combinators.

We draw wires between polarized ports with an arrow to indicate the flow
of the net. In fact, we will discuss in later chapters how it prescribes exactly the
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sequential execution of effectful terms. Arrows point from negative to positive, as
in figure 1.6.

—⊖ ⊕—

Figure 1.6 Directed wire between two polarized ports.

Polarization allows overloading agents to different interpretations. Where,
say, an abstraction produces a new term and a binding while consuming an
argument, an application consumes two terms and produces the result of their
application. Both of these interpretations can be encoded as opposing polariza-
tion of the same agent. Importantly, the overloaded, polarized agents do not
modify the rules of the unpolarized agents, but inherit their behavior.

We write a polarized variant 𝑎 of an agent 𝑎∘ with ar(𝑎∘) = 𝑛 as the terms
𝑎 ≡ 𝑎∘(x1,𝑝1 , … , x𝑛,𝑝1)𝑝0 , where 𝑝1,… 𝑛 ∈ {⊖,⊕} are the polarities of the auxiliary
ports, and 𝑝0 ∈ {⊖,⊕} denotes the polarity of the principal port.

1.3.2 𝜆-Calculus by Polarization
The 𝜆-calculus emerges from viewing the symmetric interaction combinators as
polarized agents representing individual 𝜆-term constructors. This follows from
two observations: Traditional interaction systems encoding the 𝜆-calculus are
polarized [19], and: “Any polarized INS [interaction system] can be translated
into symmetric combinators.” [9, theorem 1.14]

We use the port layout used in HVM by Taelin [4].

Definition 1.10 (Agents of Σpol). The system of Σpol ⊂ A extends Σ from defi-
nition 1.8 by polarization and consists of eight agents:

Σpol = {𝛼, 𝜆, 𝛿 , 𝜎 , 𝜄, 𝜅, 𝜀, 𝜈},
with ar(𝛼) = ar(𝜆) = ar(𝛿) = ar(𝜎) = 2 and ar(𝜄) = ar(𝜅) = ar(𝜀) = ar(𝜈) = 0.

The binary agents of Σpol polarize Σ in the following way: 𝛼 ≡ 𝜁∘(N⊖, ret⊕)⊖,
𝜆 ≡ 𝜁∘(x⊕,M⊖)⊕, 𝛿 ≡ 𝛿∘(M1,⊕,M2,⊕)⊖, and 𝜎 ≡ 𝜎∘(M⊖,N⊖)⊖. The nilary agents:
𝜄 ≡ 𝜄⊖∘ , 𝜅 ≡ 𝜄⊕∘ , 𝜀 ≡ 𝜀⊖∘ , and 𝜈 ≡ 𝜀⊕∘ .
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𝛼

⊖N

⊖M

⊕ ret

𝜆

⊕x

⊕ ret

⊖M

𝛿

⊕M1

⊖M

⊕M2

𝜎

⊖M

⊕M N

⊖ N

Applicator⊖3 Abstractor⊕ Duplicator⊖ Coduplicator⊕

𝜄
⊖M

𝜅
⊕M

𝜀
⊖M

𝜈
⊕M

Initiator⊖ Coinitiator⊕ Eraser⊖ Coeraser⊕

Figure 1.7 Polarized agents of Σpol.

We can now describe the polarized agents of Σpol separately:

Applicator⊖ A constructor agent encoding the application of 𝜆-terms𝑀 𝑁 .
It consumes two terms𝑀 and𝑁 , and produces the result of the application.
Its principal port is on M, as 𝑀 may be an abstraction with which an
application should interact (𝛽-reduction)

Abstractor⊕ A constructor agent encoding the abstraction of a 𝜆-term
𝜆𝑥.𝑀 . It consumes the term in its body, and produces a binding x and the re-
sult of the abstraction (i. e.𝑀 after 𝑥 has been bound to another term). Its
principal port is on the ret-port, as in an interaction with an applicator⊖,
x andM should be connected toN and ret of the applicator⊖, respectively.

Duplicator⊖ A duplicator agent encoding the implicit cloning of 𝜆-terms
explicitly, e. g. in (𝜆𝑥.𝑥 𝑥) 𝜆𝑦.𝑀 . It consumes a term, and produces two of
its copies. Its principal port is on M, as it is connected to the term that
should be duplicated in an interaction.

Coduplicator⊕ A duplicator agent capable of duplicating terms encoded
as agents with a negative principal port—thus it coconsumes a term, and
coproduces two of its copies.

Initiator⊖ An initiator agent thatmarks the root of the term𝑀 . It consumes
the body of the term. Our translation and encoding will only ever contain
one.

3We identify the polarized agents based on the polarity of their principal ports.
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Coinitiator⊕ An initiator agent that is dual to the initiator⊖. It does not
normally occur in well-formed nets.

Eraser⊖ An eraser agent encoding the implicit erasing of 𝜆-terms explicitly,
e.g. in 𝜆𝑥𝑦.𝑦 𝜆𝑧.𝑀 . It erases producing agents.

Coeraser⊕ An eraser agent that is dual to the eraser⊖. It acts equivalently,
just that it erases consuming agents.

Through propagation of the agents 𝛿, 𝜎 , 𝜀, 𝜈 responsible for memory manage-
ment, interaction with the polarized constructors always creates two dual ver-
sions of the agent. Furthermore, the duplication or erasure of an entire encoded
term necessarily reduces the term as a side effect, as the respective agents only
interact with their principal ports [15]. The polarized 𝛽-reduction visualized in
figure 1.8 must therefore happen before further terms can be duplicated or erased.

𝜆

𝛼

M x

N ret

⇝

M x

N ret

(𝜆𝑥.𝑀) 𝑁 ◁ 𝛽⇝ 𝑀{𝑥 ↦ 𝑁}
Figure 1.8 𝛽-reduction in Σpol.

Definition 1.11 (Interaction rules of Σpol). The interaction rules of Σpol are im-
plied by the rules of Σ described in definition 1.9:

𝛿[𝜆(x1, x2), 𝜆(y1, y2)] ⋈ 𝜆[𝜎(x1, y1), 𝛿(x2, y2)]
𝜎[𝛼(x1, x2), 𝛼(y1, y2)] ⋈ 𝛼[𝛿(x1, y1), 𝜎(x2, y2)]

𝜆[x, y] ⋈ 𝛼[x, y]
𝜀 ⋈ 𝜆[𝜈, 𝜀]
𝜈 ⋈ 𝛼[𝜀, 𝜈]
𝜈 ⋈ 𝜀
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1.3.3 Translation
Terms of the 𝜆-calculus can be inductively translated to Σpol. We base this proce-
dure on the visualizations for the unpolarized combinators with oracle provided
by van Oostrom; van de Looij; Zwitserlood [12] as well as Asperti; Guerrini [2].

We introduce the multiplexer. A multiplexer 𝛿𝑛 with ar(𝛿𝑛) = 𝑛 duplicates
an agent 𝑛 times using 𝑛 − 1 chained duplicators [11]. If 𝑛 = 0, i. e. nothing has
to be duplicated, the agent is instead erased.

𝛿𝑛(x1, … , x𝑛) ≡ 𝛿(x1, 𝛿(x2, … )) 𝛿0() ≡ 𝜀

𝛿𝑛

x1 x𝑛
⋯

≡

𝛿

x1
𝛿

x2
⋱

𝛿

x𝑛−1 x𝑛

𝛿0
≡ 𝜀

Figure 1.9 A multiplexer duplicates an agent 𝑛 times.

In abstractions, the symbol 𝑥 is duplicated the number of times it is bound
in 𝑀 . Both sub-terms of applications are translated, with the free symbols
being free wires of the resulting net. Symbols are translated to wires.

Definition 1.12 (Translation Λ → Σpol). The configuration ⟨∣ 𝜄 == p, ⟦𝑀⟧p⟩
encodes a closed term 𝑀 ∈ Λ using the following ⟦−⟧p:

⟦𝜆𝑥.𝑀⟧p = {p == 𝜆(𝛿𝑛(x1, … , x𝑛),m)} ∪ ⟦𝑀⟧m, 𝑛 = #𝑥(𝑀)
⟦𝑀 𝑁⟧p = {m == 𝛼(n, p)} ∪ ⟦𝑀⟧m ∪ ⟦𝑁⟧n
⟦𝑥⟧p = {p == x𝑖},

where x𝑖 informally connects to a free wire x𝑗 created by 𝛿𝑛.
We visualize the translation function of definition 1.12 in figure 1.10.
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𝜆
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Figure 1.10 Translation from Λ to Σpol.

This minimal translation comes with the cost of inaccuracy in certain cases,
which are described in section 1.3.6.

1.3.4 Read-Back
The process of reading a term back to its 𝜆-term representation in Λ is called
read-back. When the translation of a 𝜆-term 𝑀 is written as ⟦𝑀⟧, the read-back
is written as ⟦𝑀⟧−1 = 𝑀 . For detailed read-back algorithms, we refer readers to
Lamping [13], Gonthier; Abadi; Lévy [10], and a book by Asperti; Guerrini [2].

Importantly, as we will see in later chapters, reading back the 𝜆-term rep-
resentation of interaction nets is not relevant to our work: The “results” of the
program can be read back by looking only at the changes the side effects applied
to the Real World.

1.3.5 Optimality
The notion of optimality in the context of 𝛽-reduction ofΛwas proposed by Lévy
[20]. Essentially, this property refers to reaching “the normal form in a minimum
number of steps” [20]. By intuition, such minimization should have implications
on the time and computing power required to evaluate programs.

In practice, 𝛽-optimality comes down to (1) reducing 𝛽-redexes of the same
origin (redex family) in a single step, and (2) never reducing 𝛽-redexes that would
be erased with different reduction strategies [2].
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It has been observed by Lamping [13] that graph-based models offer a so-
lution to the then open question of achieving 𝛽-optimality. Later, work by As-
perti; Giovannetti; Naletto [15] presented an initial implementation with a base
in Lafont’s interaction nets (“BOHM”). The applicability of interaction nets to
optimality follows from its inherent properties:

Requirement (1) is typically referred to as sharing, as the reduction of a term
shall be shared between binding instances. In interaction nets, sharing terms re-
quires the use of duplicator agents. As defined, 𝜆-terms encoded as interaction
nets can only be fully duplicated when they are in their normal form. 𝛽-redexes
of the same origin are therefore always fully shared and never reduced multiple
times across bindings [15].

Requirement (2) is more problematic. Interaction nets are inherently parallel
due to their strong confluence. Yet, predicting whether parts of a net may be
required or not in the future of the reduction is not possible. Reducing a term
such as (𝜆𝑥𝑦.𝑦) (fac 100) requires a strict reduction order, as the term fac 100
must never be touched by an optimal reducer. Asperti; Guerrini [2, p. 148] argue
this order to be chosen optimally by the Call-by-Need reduction strategy. There-
fore, existing implementations such as BOHMdo not incorporate parallelism into
their optimal reduction [15]. Also, once a net attached to an eraser is detached
from the rest of the net, it is garbage collected externally instead of iteratively
via eraser, as it would still be reduced otherwise.

All of these restrictions changewhen side effects are introduced in section 3.7.

1.3.6 Bookkeeping Oracle

…even an optimal reduction
technique, as parsimonious as it
could be, cannot do any magic.

Asperti; Coppola; Martini (2000)

As of now described, Σpol does not fully reflect 𝛽-reduction of the 𝜆-calculus.
Duplicating terms that duplicate their arguments results in duplications of du-
plicators—annihilations. Such annihilations imply incorrect duplication behav-
ior, as part of the net is thus not duplicated but annihilated.

For example, the following duplication of a Church numeral as described by
Barendregt [5] requires duplication of a duplicator:

(𝜆𝑥.𝑥 𝑥) 𝜆𝑠𝑧.𝑠 (𝑠 (𝑠 𝑧))
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Only when the duplicators belong to the same “duplication process” [15], the
annihilating behavior is in fact correct. Take for example the duplicator agents
in the identity function, propagated through y and M of its abstractor agent:

(𝜆𝑥.𝑥 𝑥) 𝜆𝑦.𝑦
Supporting all functions requires bookkeeping in the sense of an oracle [21]. This
bookkeeping typically consists of labelling agents before reduction such that they
interact differently depending on their labels. There must then exist additional
bookkeeping agents that increment or decrement these labels. The state-of-the-
art bookkeeping technique is Lambdascope by van Oostrom; van de Looij; Zwit-
serlood [12], which requires only a single bookkeeping agent.

The reductions for the encoding only consisting of the agents contained in
Σpol is referred to as the abstract algorithm [21]. It has been shown by Asperti;
Coppola; Martini [21] that there exists a usable subset Λ∗ ⊂ Λ, where 𝑀 𝛽⇝⇝ 𝑀′
corresponds to the abstract algorithm reduction ⟦𝑀⟧ ⇝⇝ ⟦𝑀′⟧ for all 𝑀 ∈ Λ∗.
This subset is at least as large as the set of 𝜆-terms typeable in the elementary
affine logic (ELA) [21]. Affinity refers to the property of all symbols 𝑥 being
bound in a term𝑀 at most once: #𝑥(𝑀) ≤ 1. In the abstract algorithm, the dupli-
cation of affine terms is not problematic, as no duplicators are duplicated. Im-
portantly, 𝛽-optimality for this subset remains even without bookkeeping [21].

Existing bookkeeping procedures add a significant overhead to the reduction.
Achieving optimality for the full 𝜆-calculus through interaction nets is therefore
not generally efficient [3]. Practical efficiency of optimal reduction is still possi-
ble, for example by adapting the frontend language to the affinity constraints of
the abstract algorithm used in the backend, as done in the Bend language.4

In this thesis we focus only on the abstract algorithm, as it makes arguing
about its extensions simpler. In our function and code samples we do not make
use of duplications requiring an oracle. Still, full support for the 𝜆-calculus could
always be regained by incorporating existing bookkeeping techniques in the
translations and interactions.

1.4 Side Effects
We define as the Real World the state of everything outside the reduction sys-
tem. This includes the user’s or computer’s internal state as well as the internet,
sensor data, or time.

Any term that modifies or depends on the Real World is considered to have
a side effect [22]—or is effectful. Otherwise, it is pure.

4https://github.com/HigherOrderCO/Bend/blob/d184863f03e796d1d657958a51d
d6dd331ade92d/FEATURES.md#some-caveats-and-limitations, 07/10/2025
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We call a term idempotent when it has the same observable behavior—i. e. ef-
fect on reduction and the Real World—whether it is evaluated once or multiple
times. Importantly, a term can be idempotent even if it has side effects, provided
the side effects are consistent with regard to the function call.

⋯
42 0

⋯

⋯ readInt readInt div ⋯
Figure 1.11 The behavior of the Real World is sequential yet unpredictable.

Side effects are inherently sequential. Modifications to the Real World can
depend on previous events, therefore requiring a strict order of execution. How-
ever, the order of execution becomes less relevant when two side effects commute,
therefore allowing a certain notion of asynchrony.

In our model, we consider everything external to the pure calculi as effectful.
The implications of this definition are further discussed in chapter 3. Importantly,
due to potential commutativity and tolerance of non-determinstic behavior, this
does not necessarily imply strict sequentialization of all impure terms.
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Chapter 2

Related Work

The inclusion of side effects in interaction nets is rare and only occurred in pub-
lished implementations in recent years. In this chapter we discuss the existing
implementations and specifications alongside their limitations. We first discuss
two programming languages specifically targeting interaction nets. We then go
on to briefly discuss other work discussing side effects in the context of interac-
tion nets. Finally, we discuss the Clean programming language which has similar
objectives to our work, although being unrelated to interaction nets. Of the pre-
sented related projects, only the Higher-Order Virtual Machine, Optiscope, and
the work of Salikhmetov have the explicit goal of achieving optimality.

2.1 Higher-Order Virtual Machine
The higher-order virtual machine (HVM) was created by the Higher Order Com-
pany by Taelin [4]. It implements a runtime based on interaction nets and the
polarized symmetric interaction combinators with labels. The HVM targets the
GPU and is capable of massive parallelism as an implication of strong confluence.

The HVM and its frontend language Bend support basic IO primitives. We
focus on the mostly undocumented IO implementation of HVM2, as it is the most
developed. Aside from constructors, duplicators and wires, HVM2 also has
agents for numbers, strings and built-in operations.

At its core, the HVM2 runtime has a loop that keeps evaluating the net until
it is in normal form. We reconstruct the loop’s behavior from the source code1:

1. Reduce all active pairs until the net is in normal form.

1https://github.com/HigherOrderCO/HVM/blob/654276018084b8f44a22b562dd68
ab18583bfb5b/src/run.c#L740, 07/01/2025
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2. Read back the net as a Church tuple 𝜆𝑠.𝑠 tag magic name args cont, where
magic is a specific magic IO number, name is the effectful function name,
args are the arguments as another tuple, and cont is the continuation.

3. If tag ≠ IO_CALL = 1 or the net did not converge to this specific structure,
stop the loop.

4. Find a function with a matching name in the library or environment
(“book”).

5. If the function was not found, apply an error object to cont and repeat the
loop.

6. Otherwise, call the function with args and repeat the loop with its result
applied to cont.

𝜆 𝛼
𝛼

𝛼
𝛼

𝛼

tag
magic

name

args
cont

Figure 2.1 The IO structure of HVM2.

As explained by Taelin [4], the HVM does sophisticated optimizations lim-
iting the availability of additional agents. Presumably, this is why an approach
with magic numbers was chosen over dedicated effectful agents.

The approach works well with massive parallelism and bypasses the de-
scribed issues where the order of side effect becomes difficult to maintain. How-
ever, it also has several limitations:

Neither can side effects happen in parallel to pure reduction, nor can side ef-
fects happen in parallel to other side effects. This makes every effect synchronous
and potentially delayed, since the entire net has to be normalized first. We dis-
cuss uses of asynchronous side effects in section 3.4.
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Additionally, the frontend language’s syntax must either be written in or
transformed to a style where the results of effectful functions are passed along
to a continuation. In the case of Bend, a monadic syntax is used. We discuss
a variation of this approach in chapter 6 while retaining parallel reduction and
execution.

Listing 1 An example program in Bend. The syntax requires IO to happen in a
continuation-based construct.

def foo(str: String) -> IO(u24):
with IO:

* <- IO/print(str)
return wrap(0)

def main() -> IO(u24):
foo("Hello, world!")

There is also a general computational overhead: Every call to an effectful
function must also encode the required fields. Every time an effectful function
is called, the net has to be traversed by the runtime to extract the IO structure
and the arguments. By encoding functions as strings, the function has to be
searched and handled by the runtime, where all arguments are in turn encoded
as nets.

2.2 Ivy
Ivy is a low-level programming language for the unpolarized interaction combi-
nators2, using a similar syntax as Lafont’s notation introduced in section 1.2.1.

In comparison to Σ as described in definition 1.8, Ivy does not differentiate
between constructors and duplicators, and instead either commutes or an-
nihilates based on their labels3. Effectful IO is implemented via extrinsic agents.

2https://vine.dev/docs/ivy-ivm, 07/01/2025
3https://vine.dev/docs/ivy-ivm/interaction-system, 07/01/2025
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ret arg1

arg2 ret

if

clause

true ret

false

Extrinsic
Value

Extrinsic
Function

Extrinsic
Branch

Figure 2.2 Extrinsic agents of Ivy. A visual interpretation of https://vine.dev/d
ocs/ivy-ivm/extrinsics, 07/01/2025.

Extrinsic functions consume two extrinsic values by principal port and
left auxiliary port. Receiving arg2 informally requires interaction with an aux-
iliary port. In practice, a method similar to effectful currying described in sec-
tion 5.4 is used to make this formally correct4.

Extrinsic values include external data such as integers or floating-point
numbers, but also a dedicated IO handle. This IO handle serves as a representa-
tion of the Real World and is passed through the program. It can be produced
only by extrinsic functions as themodified version of the RealWorld after a side
effect has occurred. This approach is related to the environment passing style of
the Clean programming language [22], that we similarly discuss in section 2.4
and section 7.3.

Extrinsic branches are used to branch on extrinsic values. If the clause
reduces to true, the true wire is connected to ret. If not, the false wire is con-
nected to ret. These branches are the only way to extract information about
extrinsic values in a way that affects the flow of the program.

Duplicating the IO handle by force encodes a forking behavior not dissimilar
to the fork agent we introduce in section 3.2, and permits side effects being exe-
cuted in parallel. However, IO handles can not be produced since they represent
a composition of modifications to the RealWorld. Therefore, parallel execution
can not happen everywhere, but only by having been forked before. We describe
this missing feature under the name of asynchronous actions in section 3.4.

Extrinsic functions may only produce extrinsic values. In the case of
mathematical operations this may be a number, while it is an updated version of
the Real World in the case of side effects. From the perspective of a functional
language based on the 𝜆-calculus, this behavior limits the usefulness of extrin-
sic functions. Producing 𝜆-terms or its corresponding net-encoding allows for

4https://github.com/VineLang/vine/blob/7815b782379ce3d2901f7c96bb691ea6
a348cb2c/ivm/src/ext.rs#L58-L70, 07/01/2025
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elegant notions of recursion, as described in section 3.6 and section 3.5. Further-
more, the need for extrinsic branches disappears when extrinsic functions
can instead converge to Church booleans as in section 4.2, thus branching on
extrinsic values directly.

A further limitation is the fixed number of arguments, which—minus the
Real World—is 1. Functions such as writeFile(path, data, size, flags) are
not supported in the current implementation. We discuss our approach of solv-
ing this problem using similar agents in example 3.4.

A frontend language called Vine compiles to Ivy5 and uses a Rust-like syntax.

Listing 2 An example program in Vine. The IO handle must be passed to every
function using IO.

fn foo(&io: &IO, str: String) -> N32 {
io.println(str);
return 0

}

pub fn main(&io: &IO) {
foo(&io, "Hello, World!");

}

In order to preserve sequential execution, a reference to the IO handle repre-
senting the RealWorldmust be passed to every function using IO. Themodified
IO handle resulting from extrinsic functions is implicit in the way references
are translated to interaction nets. We discuss a related approach which does not
require passing the handle explicitly in section 7.4.

2.3 More Interaction Nets
There have been various other approaches to adding side effects to interaction
nets that we want to discuss briefly.

Optiscope is an implementation of the Lambdascope [12] project6. It there-
fore uses interaction nets with an oracle to encode the 𝜆-calculus. It supports side
effects using monad-like functions perform(action, k) and bind(x, action, k),
which bind the results of effectful terms to their continuations.

5https://vine.dev/docs/compiler/architecture, 07/01/2025
6https://github.com/etiamz/optiscope/blob/ffbcddb4d2f733f4068c126d19068

d8ae7a2c490/README.md#-optiscope, 07/29/2025
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The project does not support executing effectful terms in parallel to the re-
duction or other side effects, as the entire net is reduced in a specific order7

(Call-by-Need, as per 𝛽-optimality [2, p. 148]). As in related languages such as
Bend, effectful terms must be wrapped in carefully placed syntactic constructs
in order to guarantee correct sequential execution.

In a language by Salikhmetov [23], side effects can be specified directly in
the specifications of the interaction rules. Additional data may be attached to
agents in the form of infinitary agents, such that Σ ∪ {𝑎𝑑 ∣ 𝑑 ∈ D, 𝑎 ∈ Σ} is an
extended interaction systemwhereD contains any data of the RealWorld. This
additional data could then be used to choose different interaction rules depending
on the attached data, as well as producing agents with manipulated data after
interaction [23].

Listing 3 Example adapted from Salikhmetov [23], where side effects are speci-
fied in the interaction rules. The syntax is a mix between Lafont’s notation [1]
and LATEX.

\eraser {
console.log("eraser >< duplicator");

} \duplicator[\eraser, \eraser];

\eraser {
console.log("eraser >< constructor");

} \constructor[\eraser, \eraser];

\duplicator[\constructor(x, y), \constructor(v, w)] {
console.log("duplicator >< constructor");

} \constructor[\duplicator(x, v), \duplicator(y, w)];

Here, sequential execution is not guaranteed exceptwhen a specific reduction
order for the active pairs is chosen. They did not develop any notion of parallel
execution or reduction.

In a more traditional implementation before interaction combinators were
introduced, Gay [24] proposed a stream-based approach aiming to implement
a read-eval-print loop (REPL) for a minimal language. In its essence, it makes
IORead agents continuously consume nilary agents containing characters until
it interacts with an agent containing a newline. During this consumption, it
builds up a tree of the parsed tokens, which is then evaluated. The IORead agent
is then transformed to a IOWrite agent.

7https://github.com/etiamz/optiscope/blob/ffbcddb4d2f733f4068c126d19068
d8ae7a2c490/README.md#rules-for-side-effects, 07/29/2025
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The approach taken by Gay [24] is inflexible regarding other types of side ef-
fects, since not all side effects can be represented using streams of nilary agents.
If additional extension agents supporting other side effects were added, conflu-
ence in the aspect of parallelism could break.

2.4 Concurrent Clean
Clean is a functional programming language with a uniqueness type system. Al-
though Clean has otherwise no relation at all to interaction nets, it still has a
notable similarity: It, too, has the goal of reduction staying generally unordered
while having a strict sequence of side effects embedded within [25].

The uniqueness type system guarantees that an object may only ever be ref-
erenced once in a program. Effectively, this property can be used to pass an
environment around containing state of the Real World. The type system then
guarantees that (1) the order of this passing is guaranteed, and (2) that there can
only ever exist a single version of this state, thus preventing race conditions [25].

Functions aiming to modify this state must receive an object by argument,
and produce the updated version as a result. Specifically, Clean provides a hier-
archy system of the Real World: If one wants to write to files, one may receive
an object that contains only the state of all files, and return this object with the
respective file modification [25].

The elegance of this model comes with limitations: For one, functions may
never be effectful if they do not receive and produce according environments.
This requires threading environments through the entire program, potentially
leading to worse readability. It also does not directly support parallelism: Since
environments are tracked by the uniqueness system, different parts of the same
environment may not be modified in parallel.
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Chapter 3

Optimal Effects

The relationship between the pure 𝜆-calculus, interaction nets, and optimal re-
duction have been thoroughly investigated, notably by Lévy [20], Lamping [13],
and in a book by Asperti; Guerrini [2].

Extensions adding side effects to the 𝜆-calculus have also been discussed—
in fact, most modern functional programming languages are based on the pure
𝜆-calculus. We describe these existing extensions in section 3.1 and discuss limi-
tations regarding their applicability to interaction nets.

The calculus we introduce in section 3.2 is a minimal extension of Λ. It is
defined in such a way that we can later realize clear relationships to existing
paradigms such as monads or state-passing, while also allowing trivial transla-
tions to interaction nets. In the following sections we discuss the properties,
limitations, and interpretations of the introduced calculus. Finally, in the last
sections we come back to the concept of optimality and relate the addition of
side effects to the challenges introduced in chapter 1.

3.1 Related Work
In chapter 2 we have discussed the implementation of side effects in several pro-
gramming languages. We now focus on solutions from the perspective of the
pure 𝜆-calculus.

Moggi [26] has introduced a monadic extension of the 𝜆-calculus named com-
putational 𝜆-calculus. There, the sequentialization of side effects is guaranteed
by monad laws. This extension has the benefit of not affecting the reduction be-
havior of the rest of Λ. Although not specified in the computational 𝜆-calculus
itself, extensions also allow parallel as well as asynchronous side effects [27, 28].
However, the execution order is generally fixed by the way monadic bindings are
linked to each other. It also requires strict syntactic separation of effectful and
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pure terms, in the sense that every effectful termmust be part of themonadic con-
struct. Together, these limitations typically imply a certain syntax inherited by
the frontend, where side effects can only be used as part of a construct threaded
through the program. Still, we discuss this approach further in chapter 6.

Call-by-Push-Value (CBPV) is a framework introduced in the PhD thesis of
Levy [29]. In contrast to Moggi’s monadic style, it allows for modelling vari-
ous reduction strategies even in the presence of side effects. Similar to monads,
it has a sequentialization construct binding multiple computations together. It
also differentiates strictly between effectful terms (computations) and pure terms
(values). Translation between the two is accomplished by “thunking” and “forc-
ing” the terms respectively.

In a way, the calculus we introduce in section 3.2 has strong similarities to
CBPV. However, our core calculus abstracts away fully from the notion of se-
quentialization or reduction strategies. Instead, such sequentialization is added
via extension, thus becoming more closely related to CBPV (see section 7.6). By
initially ignoring such details, a general translation to interaction nets becomes
trivial.

Our core calculus uses tokens as a way of tracking the execution of effectful
terms. Similar tokens have been used in abstract machines to track the reduc-
tion state in an accumulating manner [30]. In recent work by Ahman; Pretnar
[31], a term-traversing token (“signal”) is used to track effects. There, signals are
attached to a continuation and propagate outwards or inwards of a term depend-
ing on their kind. Once an outgoing signal would propagate through a parallel
broadcaster, it is duplicated and sent to the thread attached to the broadcaster.
Similarly, an incoming signal is duplicated and propagated through both threads.
This allows for a certain notion of asynchrony and parallelism, while still enforc-
ing sequential execution. We take the approach as inspiration for our implemen-
tation of forks (see definition 3.3).

However, by construction, the propagated signals must always be caught by
special constructs. Interacting with the Real World requires sending a signal
which is then propagated outwards. In comparison, our tokens do not generally
require propagation or their handling. Instead, applying tokens can immediately
cause side effects independent of the general reduction state.

3.2 Effectful 𝜆-Calculus
We extend the pure 𝜆-calculus introduced in definition 1.1 with actions that
cause side effects. We introduce an additional kind of term called data that can
only be produced by actions. In order to allow fine-grained control of when the
actions are executed, we also introduce a token that executes an action upon
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application.
The token is related to the unary reduction symbol used by Sinot [32]. There

it is used to denote the evaluation function entering into and returning from a
term of the 𝜆-calculus. In order to derive a semantics for executing actions in
a specific order without interfering with the reduction of pure terms, we make
the tokens first-class citizens of the calculus itself. We correspondingly use the
cotoken to mark returning tokens.

Definition 3.1 (Terms of Λeff). The terms of the effectful 𝜆-calculus Λeff are:

𝑡 =∷ (𝜆𝑥.𝑡) ∣ (𝑡 𝑡) ∣ 𝑥 Terms of Λ
∣ ◁ Token
∣ ▷ Cotoken
∣ ∧ Conjunctive Fork
∣ ∨ Disjunctive Fork
∣ 𝑑 Data
∣ 𝑎 Action

𝑑 =∷ ⟨⟩ Unit
∣ ⟨⋯⟩ Arbitrary Data

𝑎 ∈ read, write, … Action Name
𝑥 ∈ a, b, … , y, z Symbol

We write a general action as 𝜉 𝑖C ∈ 𝑎, with C being a list1 of partially applied ar-
guments, and 𝑖 being the arity. The arity of an action together with the number
of partially applied arguments is always greater than zero, |C | + 𝑖 > 0.

We differentiate between executing and reducing terms, where we refer to
execution as requiring synchronization with the Real World—i. e. potentially
modifying or depending on its state.

Definition 3.2 (𝜉 -Reduction). Actions 𝜉 -reduce when applied to data and re-
turn the same action with the data appended to its list of arguments. Given
𝜋 ∈ 𝑑 and 𝑖 > 0,

𝜉 𝑖C 𝜋 𝜉⇝ 𝜉 𝑖−1C++[𝜋].
As a special case of 𝜉 -reduction, actions get executed when 𝑖 = 0 and applied to
the token ◁, and produce a term while causing a side effect.

𝜉 0C ◁ 𝜉 𝑀, with 𝑀 ∈ 𝑡 closed,
1an ordered multiset [𝑎, 𝑏, … ] equipped with concatenation ++.

37



where the second arrow indicates that the execution may interact with the Real
World. Only 𝜉 -execution is capable of causing side effects.

If 𝑖 > 0 and a token is applied, it is reflected as a cotoken:

𝜉 𝑖C ◁ 𝜉⇝ 𝜉 𝑖C ▷.
In order to prevent the further existence of such cotoken, it may also be applied
to a token, thus annihilating:

𝑀 (▷ ◁) 𝜉⇝ 𝑀
(▷ ◁) 𝑀 𝜉⇝ 𝑀

With the addition of 𝜉 -reduction and -execution, the erasing and duplicating
behavior implicit in 𝛽-reduction has changed: Where previously any term not
substituted during reduction does not have to be reduced—say (𝜆𝑥.𝑀) 𝑁 with
#𝑥(𝑀) = 0, 𝜉 -execution may still require 𝑁 to be 𝛽𝜉 -reduced in order for its
actions to be executed. On the other hand, substitution with #𝑥(𝑀) > 1 may
imply that actions will be executed more than once. In these cases, we there-
fore define that 𝛽-reduction is allowed only once 𝑁 is in 𝛽𝜉 -normal form, or it
does not contain any token and cotoken. We further do not allow 𝛽-reduction
of tokens, such that tokens by themself can not be substituted, duplicated, or
erased. Importantly, without the use of tokens this does not diverge from the
defined behavior of Λ.

Forks duplicate a token and send it to two distinct threads. We take as in-
spiration the similar race (disjunctive fork) and concurrently (conjunctive
fork) from Haskell’s Control.Concurrent.Async package [33]. Depending on
whether the fork is conjunctive or disjunctive, it reacts differently when the to-
kens eventually return as cotokens.

Definition 3.3 (ψ-Execution). Given a fork with two threads 𝑀,𝑁 ∈ Λeff is
executed, the token propagates through both threads:

∧ 𝑀 𝑁 ◁ ψ⇝ ∧ (𝑀 ◁) (𝑁 ◁), and

∨ 𝑀 𝑁 ◁ ψ⇝ ∨ (𝑀 ◁) (𝑁 ◁).
In the conjunctive case, both tokens must return in order for the terms to be
applied to each other. In the disjunctive case, either token can return, with the
other term being erased:

∧ (𝑀 ▷) (𝑁 ▷) ψ⇝ 𝑀 𝑁 ◁,
∨ (𝑀 ▷) 𝑁 ψ⇝ 𝑀 ▷, and

∨ 𝑀 (𝑁 ▷) ψ⇝ 𝑁 ▷.
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As with 𝜉 -reduction, fully erasing 𝑀 or 𝑁 may only happen once it can not
cause side-effects—i. e. if it is in 𝛽𝜉 -normal form, or does not contain tokens or
cotokens.

Notably, the disjunctive fork is ambiguous in the sense that it is not clear
what will happen in the case of two returning cotokens ∨ (𝑀 ▷) (𝑁 ▷). In this
case, choosing the reduction rule which is applied first may be done at random.
We discuss applications of such ambiguity in section 4.4.

Functions with side effects in imperative programming languages often re-
ceive multiple arguments. In order to write such functions in Λeff, we describe
a concept called effectful currying that resembles the behavior of functions with
multiple arguments in the pure 𝜆-calculus Λ by repeatedly applying the action
partially.

Example 3.4 (Effectful Currying). Let writeFile3C be an effectfully curried ac-
tion of arity 2, receiving a path string and some content. It could be implemented
in such a way that it reduces like the following:

writeFile2∅ ⟨“example.txt”⟩ ⟨“hello, world”⟩ ◁
𝜉⇝ writeFile1[⟨“example.txt”⟩] ⟨“hello, world”⟩ ◁
𝜉⇝ writeFile0[⟨“example.txt”⟩,⟨“hello, world”⟩] ◁
𝜉 ⟨⟩ ▷

A type system for a language built uponΛeff may provide further information
and guarantees about the kind of data arguments allowed. For now, we assume
that terms are written in a way that matches the internal definitions of the used
actions.

As with any execution behavior of actions, the final token reflection is also
implemented by the host or reducer and may not be relied upon. We state this be-
havior because there exist reasons why specific actions may not want to reflect
a cotoken upon execution: Tokens effectively represent threads, as discussed in
section 3.5. In a sense, actions producing a term without (co-)token terminate
a thread, whereas actions producing a term with multiple (co-)tokens spawn
threads.

3.3 Problem of Order
The pure 𝜆-calculus has the Church-Rosser property, meaning that it does not
influence the resulting term in which order a term is reduced. With the addition
of side effects, the reduction of terms may depend on state outside the domain
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of the term itself–the Real World. Side effects may also behave differently de-
pending on the point in time in which they are executed. Since, in practice, the
point in time of execution depends on the order of reduction, actions can only
ever be confluent if we ignore the time of execution.

Therefore, the effectful 𝜆-calculus has lost the Church-Rosser property. We
see this problem in a continuation to the example 3.4 above.

Example 3.5 (Reduction Order). Let readFile be an action that receives a path
string and results in data with the content of the file. We then write an appli-
cation of the results of actions using writeFile and readFile to a term printing
its first argument using a print action:

(𝜆𝑥𝑦.print1∅ 𝑥 ◁)
(readFile1∅ ⟨“example.txt”⟩ ◁)
(writeFile2∅ ⟨“example.txt”⟩ ⟨“hello, world”⟩ ◁)

We observe that it is unclear when and in which order the two arguments
should be reduced. When analyzed using traditional reduction strategies for the
pure 𝜆-calculus:

• Call-by-Value: The arguments get reduced in right-to-left order and then
substituted, therefore printing “hello, world”.

• Call-by-Name: The arguments get substituted before they are reduced,
therefore the previous, unknown content of “example.txt” is printed.

Aside from 𝜉 -execution and the disjunctive fork, Λeff is a straightforward
extension of Λ, therefore retaining its behavior and laws.

Corollary 3.6 (Confluence of
𝛽𝜉ψ⇝⇝). The reduction relation 𝛽𝜉ψ⇝⇝ of Λeff ⧵ {∨} satisfies

the diamond property (effectively: is Church-Rosser). Notably, this does not include
𝜉 .

In general, 𝜉 -execution with multiple tokens is not confluent. If, instead,
there is only one token which is passed and reflected in a specific way—defined
by a token-passing semantics—we regain confluence to some extent. To argue
about the token-passing semantics, we make use of the cotoken, which may be
the result of a reflected token. We discuss the semantics of token-passing for a
monadic style in section 6.3, and for a direct style in section 7.4.1.

Still, multiple tokens can make sense even in a confluent setting: If the side
effects do not influence or depend on each other, the actions can also be exe-
cutedwithout the sequentiality constraint, or even in parallel. The use of tokens
permits an elegant notion of encoding this behavior.
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3.4 Asynchronous Actions
Asynchronous actions are actions not influencing the rest of the program—i. e.
the execution behavior of any other actions. We argue about asynchronous
execution using commutativity.

When two actions commute, the order in which they are executed does not
induce a difference in the observable behavior. Say we have actions 𝐴, 𝐵 with
arity 0. Then we can define the reduction relation 𝐴⇝ for 𝐴 ◁ 𝜉 𝐴′ and 𝐵⇝ for
𝐵 ◁ 𝜉 𝐵′. We can visualize the commutativity in the following diagram:

𝑀

𝑀1 𝑀2

𝑀′

𝐴 𝐵

𝐵 𝐴

This leads to a stronger property that we call orthogonality. An action 𝐴
is orthogonal if its execution commutes with the execution of all actions 𝜉 in a
term:

𝑀

𝑀1 𝑀2

𝑀′

𝐴 𝜉

𝜉 𝐴

We come to the conclusion that any orthogonal actionmay also be executed
asynchronously. Without a corresponding effect-tracking system, orthogonality
is not a property that can be detected. Instead, certain actions are marked as
orthogonal by being applied to a token—thus executing them independently of
a token-passing semantics.

Our use of the term asynchronous is related to its use in Haskell, where
unsafePerformIO marks terms applicable to asynchronous execution [27]. Exam-
ples of orthogonal actions where the use of a token is safe, include:

• Incrementing an external, write-only counter.

• Logging to an unordered program log, locked by newline.

• Accessing resources such as files or websites by their checksum hash—
assuming hash collisions are not possible.

• Using pure or mathematical operations such as add or div, assuming they
do not require sequentiality by low-level hardware restrictions.
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• Calling pure, foreign functions, assuming they do not change over time.

• Loading pure, constant data such as strings or integers.

In combinationwith idempotence, orthogonality can provide a stronger prop-
erty: Since the termmay then be executed asynchronously and it does not matter
whether it is actually executed multiple times, the action execution is applica-
ble to being shared asynchronously. We explore this property in the aspect of
optimality in section 3.7. In the list above, the bottom four examples may be
interpreted as being idempotent.

Of course, if an action is not orthogonal but still executed asynchronously,
confluence is broken.

Corollary 3.7 (Confluence of Orthogonal 𝛽𝜉ψ). Assuming all actions to be orthog-
onal, the reduction relation 𝛽𝜉ψ of Λeff ⧵ {∨} satisfies the diamond property modulo
time.

In corollary 3.7, ignoring the point in time of execution is required as asyn-
chronous, orthogonal actions may still depend on a specific point in time of
execution—which may not be guaranteed in practice without sequential and de-
terministic reduction.

3.5 Interpretations
In a sense, 𝜉 -execution describes the communication between the pure world of
the 𝜆-calculus and the contaminated Real World. Data encodes links or point-
ers from the 𝜆-calculus to the Real World, uninterpretable by 𝜆-terms them-
self. Equivalently, in our model, pure 𝜆-terms are not interpretable by the Real
World. Arbitrary 𝜆-terms, including such data or action backlinks, may be re-
ceived by the pure world, while it is only capable of sending impure data which
it has previously received.

This view has implications on the way such language can be interpreted. The
pure world may in fact be simulated in an abstract machine communicating with
its hosting machine, which in turn communicates with the RealWorld. The ab-
stract machine would then be initialized to𝑀 ◁ ◁,𝑀 being an action consuming
a token and receiving the program it is supposed to evaluate. The second token
will then trigger the token-passing semantics.

Furthermore, tokens resemble the eyes of the Real World from which it
monitors the execution. It is a consequence of the 𝜉 -execution rule that there
can only ever be as many parallel or concurrent executions as there are tokens
in a term. Therefore, there exists a correspondence between term-traversing
tokens and threads of the evaluating machine.
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ψ-execution as well as other ways of erasing or duplicating tokens con-
sequently require communication with the Real World, as new tokens and
threads are created.

3.6 Recursion
We have observed that the system evaluating a program written in a frontend
programming language based on Λeff will require access to the Real World and
therefore the definitions of any given program. Since 𝜉 -execution may produce
any closed term of Λeff, it can be used to simulate recursion.

This has implications on the problems described in section 1.3.6, since typ-
ical solutions to adding recursion to the 𝜆-calculus use self-duplication unsup-
ported by the abstract algorithm without bookkeeping oracle. Instead of self-
duplicating iteratively, a recursive application will expand to the term represent-
ing the function.

fac = (𝜆𝑥.𝑥 𝑥) 𝜆𝑓 𝑛.isZero1∅ 𝑛 ◁
⟨1⟩
(mult2∅ ⟨0⟩ (𝑓 𝑓 (pred1∅ 𝑛 ◁)) ◁)

fac = 𝜆𝑛.isZero1∅ 𝑛 ◁
⟨1⟩
(mult2∅ ⟨0⟩ (rec0[⟨⟩] ◁ (pred1∅ 𝑛 ◁)) ◁)

where rec0[⟨⟩] ◁ 𝜉 𝜆𝑛.isZero1∅ 𝑛 … .

Figure 3.1 A self-duplicating vs. an effectfully recursive implementation of the fac-
torial function for positive integers. We assume that no actions reflect a cotoken and
isZero results in a Church boolean (see Branching in definition 4.1).

Both implementations in figure 3.1 suffer from the problem that, depending
on the reduction order or strategy, one may end up recursing indefinitely in
either self-duplicating or self-expanding fac functions. An appropriate token-
passing semantics as in chapter 7 prevents this and eliminates the need for care-
fully placing tokens. In practice, this technique has limitations when terms de-
pend on many other definitions: Since the resulting term must be closed, every
recursive call must have its closure unwrapped and applied to itself. We describe
the exact procedure in section 4.3.

It is worth noting that with this expansion, duplication of external terms
can be gained back via actions—thus eliminating the general need for an ora-
cle. However, in order to stay optimal, terms duplicated this way must then be
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produced in normal form, as otherwise redexes will be reduced more than once.
This property shall be guaranteed by the respective implementation.

Similarly, in order to mimic the optimal reduction of fixed-point recursion in
the 𝜆-calculus, all recursively expanded terms may be required to be in normal
form up to execution of actions.

3.7 Effectful Optimality
With the addition of side effects, we can discuss a notion of optimality similar
to 𝛽-optimality in section 1.3.5. There, Lévy’s objective is to minimize the 𝛽-
reduction steps by sharing all terms of the same origin while not doing any re-
dundant reductions.

A notion of sharing can also be applied to actions: Any orthogonal and
idempotent action may be executed once and then substituted into all of its
uses. In a 𝜉 -optimal system, there must therefore exist a way to mark certain
terms as being applicable to this sharing. In order to maximize sharing of ac-
tions, terms becoming orthogonal must be allowed to reduce asynchronously.
In an effectful system, optimality then comes with the additional objective of
maximizing asynchrony.

In Λeff, this marking of shareable terms happens via tokens. It is indeed
another reason for our comparatively strict definition of purity: By counting the
receiving of static or pure data as side effects, these loads must by definition also
be shared maximally in an optimal system. As with sharing in pure 𝛽-reduction,
maximizing the sharing at the term-level can only be guaranteed with systems
such as interaction nets, which we extend accordingly in chapter 5.

A hierarchy of terms that may be executed in parallel can be constructed
by chaining forks in such a way that the next chain of forks is only executed
when all cotokens have returned. This way, parallel execution of effects can be
staggered such that certain effects only happen once they become orthogonal.

The second objective is the one of not reducing terms that would be erased
with any different reduction strategy. We have discussed in section 3.2 how 𝛽-
reduction is not allowed when it influences the behavior of side effects, say by
duplicating or erasing 𝜉 -redexes with tokens. Therefore, in 𝜉 -reduction it is less
obvious whether reductions are redundant or not: Terms not being bound does
not imply that they do not have to be reduced. Although sophisticated techniques
such as type or effect systems [34] may provide further information about the
parts of a term guaranteed to be redundant, we argue that in general this second
objective of optimality does not have relevant meaning with the addition of side
effects.

Still, existing optimizations may be applied via heuristics on unbound terms
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when they are incapable of effects—say once they are in 𝛽𝜉 -normal form or do not
contain tokens and cotokens. Reduction strategies such as Call-by-Need used
to satisfy optimality [2, p. 148] would have to be extended with these heuristics
while also reducing potentially effectful terms even when they are not needed.

We want to emphasize that parallelism in the context of optimality thus be-
comes more appropriate in Λeff than in Λ. It is indeed impossible to predict the
exact behavior of any term and its potential for side effects without reducing it
in the first place—which may as well be done in parallel. Massive parallelism in
Λ can always cause redundant reductions, while massive parallelism in Λeff may
only sometimes cause redundant reductions. It remains future work to make this
distinction more precise, potentially merging it with type-based reasoning.
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Chapter 4

A Simple Language

Programming in the pure or effectful 𝜆-calculus is arguably not desirable. Dif-
ficulties arise from the lack of syntactic constructs for organizing the code into
self-contained blocks, as well as the lack of data types such as strings or integers.

In order to showcase the practical application of interaction nets and the
𝜆-calculus, we introduce the Lsim language that has close similarities to the in-
troduced 𝜆-calculi while also resembling the style of common programming lan-
guages. Further extensions to Lsim are described in chapter 6 and chapter 7.

In section 4.1 we define the syntax of Lsim. We then describe the transla-
tions from and to the 𝜆-calculus in section 4.2, eventually allowing a transitive
translation to interaction nets. We continue with giving an in-depth description
of the way forks may be used in Lsim, finally leading to the use of actions to
represent foreign functions.

4.1 The Language Lsim

The language Lsim is a syntactic extension of Λeff. It supports named and nested
definitions, a syntax for branches, and several built-in datatypes. In order to
support asynchronous actions as defined in section 3.4, it also has a force op-
erator which forces the (asynchronous) execution of actions or forks. Since
the tokens themself are not a relevant part of its semantics, it does not have a
cotoken.

47



Definition 4.1 (Terms of Lsim). The terms of the language Lsim are:

𝑡 =∷ let 𝑥 𝑥∗ = 𝑡; 𝑡 Let Expression
∣ if (𝑡) then 𝑡 else 𝑡 If Expression
∣ join (𝑡)∗ Conj. Fork
∣ race (𝑡)∗ Disj. Fork
∣ 𝑡 𝑡 Application
∣ (𝑡) Block
∣ 𝑥 Binding
∣ ! Force (Token)
∣ 𝑎 Action
∣ 𝑛 ∣ 𝑠 ∣ 𝑏 ∣ 𝑢 Value

𝑥 ∈ x, num, add, … Name
𝑎 ∈ read, write, … Action Name
𝑛 ∈ 0, 1, −1, 2, −2, … Integer
𝑠 ∈ “abc”, “hello, world”, … String
𝑏 ∈ true, false Boolean
𝑢 =∷ ⟨⟩ Unit

We use the let keyword to assign a name to a term, which can then be used
in its following terms. This name can be called with multiple arguments, corre-
sponding to the named identifiers bound by let. Definitions with multiple argu-
ments are desugared such that each let receives at most a single argument. Let
𝑓 (𝑖) ∉ fv(𝑡) be fresh. Then,

let 𝑓 𝑎1 … 𝑎𝑛 = 𝑀 ; 𝑁 ≡ let 𝑓 𝑎1 = (
let 𝑓 ′ 𝑎2 = (…

let 𝑓 (𝑛) 𝑎𝑛 = 𝑀 ; 𝑓 (𝑛)
… ); 𝑓 ′

); 𝑁 .
Forcing the execution of a term corresponds to the application of a token

in Λeff. The translation of Lsim guarantees that no cotoken escapes (see sec-
tion 4.2).

In contrast to Λeff, forks in Lsim allow branching on 𝑛 terms instead of just
two. Joining 𝑛 threads will represent a right-fold on the results of the concur-
rently executed terms. Analogously, racing 𝑛 threads returns only the thread
which was done executing first.
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We use Lsim only as an intermediate language, as we translate it to Λeff in
definition 4.2. Its semantics is otherwise similar to common ML-like languages
such as OCaml [35] and we do not define it further.

However, it is important to note that the semantics does not include the exe-
cution of effectful terms—this is only discussed in chapter 6 and chapter 7 . Even
without the token-passing semantics, Lsim sequentializes the execution of effect-
ful terms when they depend on the produced terms linearly.

Listing 4 A simple program in Lsim. The actions are executed sequentially
since every action gets partially applied to the result of the previous action.

let x = add (1 !) (2 !) !;

let str = if (isEqual x (3 !) !)
then ("three" !)
else ("hit by cosmic ray!" !);

print str !

This only works if the actions have higher arity, as their partial application
requires the actions to be converged to data. Yet, as obvious in listing 4, there
exists a syntactic overhead in executing actions asynchronously. For constant
data without further arguments it also takes several assumptions about the im-
plementation of how the loading of data is handled internally. In order to guaran-
tee sequential execution and eliminate the syntactic token overhead, dedicated
token-passing semantics are required.

4.2 Translations
In order to highlight the relation to Λ, we define the translation from Λ as well
as to Λeff.

Proposition 4.1 (Translation Λ → Lsim). Any term of the pure 𝜆-calculus Λ can
be written in Lsim.

Proof. Obvious by translation using ⟦−⟧ ∶ Λ → Lsim:

⟦𝜆𝑥.𝑀⟧ = let 𝑓 ⟦𝑥⟧ = ⟦𝑀⟧; 𝑓 , with 𝑓 ∉ fv(𝑀) fresh
⟦𝑀 𝑁⟧ = ⟦𝑀⟧ ⟦𝑁⟧
⟦𝑥⟧ = 𝑥
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The translation of Lsim to Λeff will then allow a transitive translation from
Lsim to interaction nets extended with side effects.

Definition 4.2 (Translation Lsim → Λeff). Any term of Lsim can be written in
Λeff using ⟦−⟧ ∶ Lsim → Λeff:

⟦let 𝑓 𝑎1 𝑎2 … 𝑎𝑖 = 𝑀 ; 𝑁⟧ = (𝜆𝑓 .⟦𝑁⟧) 𝜆𝑎1𝑎2…𝑎𝑖.⟦𝑀⟧
⟦if (𝑀) then 𝑇 else 𝐹⟧ = ⟦𝑀⟧ ⟦𝑇⟧ ⟦𝐹⟧
⟦join 𝑀1 𝑀2 … 𝑀𝑖⟧ = ∧ ⟦𝑀1⟧ (∧ ⟦𝑀2⟧ (… (∧ ⟦𝑀𝑖−1⟧ ⟦𝑀𝑖⟧)… ))
⟦race 𝑀1 𝑀2 … 𝑀𝑖⟧ = ∨ ⟦𝑀1⟧ (∨ ⟦𝑀2⟧ (… (∨ ⟦𝑀𝑖−1⟧ ⟦𝑀𝑖⟧)… ))
⟦𝑀 𝑁⟧ = ⟦𝑀⟧ ⟦𝑁⟧
⟦(𝑀)⟧ = ⟦𝑀⟧
⟦!⟧ = ◁ [◁]
⟦write⟧ = write𝑖∅
⟦314⟧ = num0[⟨⟩], where num0[⟨⟩] ◁ 𝜉 ⟨314⟩
⟦“…”⟧ = string0[⟨⟩], where string0[⟨⟩] ◁ 𝜉 ⟨“…”⟩
⟦true⟧ = 𝜆𝑡𝑓 .𝑡
⟦false⟧ = 𝜆𝑡𝑓 .𝑓
⟦⟨⟩⟧ = unit0[⟨⟩] ◁, where unit0[⟨⟩] ◁ 𝜉 ⟨⟩ .

The translation follows from several observations:

Let Expression let expressions have a close resemblance to abstractions.
In definition 4.2 we abstract the body𝑀 with the required arguments 𝑎𝑗 and bind
it to the name 𝑓 in the next definition 𝑁 . This translation preserves the sharing
of the definition, as the bindings in Λeff are shared. It also preserves the expected
behavior of shadowed bindings, since the translation to abstractions takes care
of renaming transitively (𝛼-conversion)

Branching & Booleans An if expression can not trivially be translated to
an action as we have defined it, since actions only consume arguments when
they have been reduced to data, therefore executing both branches instead of
one of them. Instead, we use boolean combinators as described by Barendregt [5,
p. 133] (Church Booleans).

They work by abstracting two times over a binding. If the Church boolean
encodes true, the binding is bound to the outer abstraction. If it encodes false,
it is bound to the inner abstraction. The condition 𝑏 of an if expression must
reduce to a Church boolean. Then, the translation in definition 4.2 guarantees
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that either the true-case or the false-case is returned from the application, as
only one of them is bound in the Church boolean of the condition.

With an appropriate token-passing semantics which does not execute in ab-
stractions, the execution of actions in branches can be deferred by abstracting
all branches (commonly referred to as thunks) and forcing their evaluation by an
application to the entire if expression. We use this translation when targeting
the direct-style semantics described in chapter 7.

Force The specific translation of force is implementation-defined. We have
prescribed only that it must be guaranteed that the use of force will not produce
a rogue cotoken, which of course depends on whether actions consume or
reflect the token. In the case of reflecting actions, forcing a term may translate
to sending two tokens, thus potentially annihilating the reflected cotoken.

Strings & Integers The pure 𝜆-calculus Λ as well as the extended Λeff do not,
by definition, support values such as strings or integers. While pure implementa-
tions could be constructed using encodings such as the Church encoding, for per-
formance functional programming languages will normally use either the host
language’s, or another implementation that is closer to the hardware of the re-
ducer.

Typically, functional programming languages such as Haskell will then de-
clare built-in values as pure. However, when considering what using these na-
tive versions means from a low-level perspective, one comes to the conclusion
that they are instructions to load certain values into registers or the memory.
Specifically, having an action load an integer into, say, a register, with a con-
secutive action using this register in an add instruction, could require a notion
of sequentiality that may only be guaranteed by the token-passing semantics of
𝜉 -execution. The use and construction of these values can furthermore leak or de-
pend on information about hardware internals such as register sizes or memory
limitations, potentially causing unexpected behavior in a seemingly pure system.

We therefore declare the native versions of strings and integers as impure
and translate them to actions. Depending on implementation details, the im-
plied sequentiality may not always be required. In this case, one may use the
force operator to trigger asynchronous execution as described in section 3.4. In
the aspect of 𝜉 -optimality this definition then also implies maximal sharing of the
produced data. It also complements the interpretation provided in section 3.5, in
that using such values requires communication with the Real World.

Since let expressions resemble a syntactic sugar of 𝜆-terms and the addi-
tional differences to the 𝜆-calculus are minimal, we arrive at the following corol-
lary without further proof.
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Corollary 4.3 (Lsim → Λeff preserves semantics). Let 𝑀,𝑁 ∈ Lsim. If 𝑀 ⇝ 𝑁 ,
then ⟦𝑀⟧ 𝛽𝜉ψ⇝⇝ ⟦𝑁⟧.
Lemma (Lsim → Λeff preserves unbound symbols). Given 𝑀 ∈ Lsim, fv(𝑀) =
fv(⟦𝑀⟧).

4.3 Recursion
If the name of a let expression occurs inside its body, the function may want to
call itself. In this case, the translation function supplies an additional argument
to the body representing the defined term. As it will otherwise be infinitely large,
this additional argument is encoded in an action and must therefore be closed
as discussed in section 3.6:

⟦let 𝑓 𝑎1 𝑎2 … 𝑎𝑖 = 𝑀 ; 𝑁⟧ = (𝜆𝑓 .⟦𝑁⟧) ((𝜆𝑓 𝑎1𝑎2…𝑎𝑖.⟦𝑀⟧) box[𝑓 ]).
The boxed term therefore executes such that it wraps all previous definitions
𝑎, 𝑏, … and their bodies 𝑀𝑎, 𝑀𝑏 , … around it recursively:

box[𝑓 ] ◁ 𝜉 ((𝜆𝑎𝑏 … .((𝜆𝑓 𝑎1𝑎2…𝑎𝑖.⟦𝑀⟧) box[𝑓 ])) ⟦𝑀𝑎⟧ ⟦𝑀𝑏⟧ … ) ▷.
As every box[𝑓 ] has no arguments (arity 0), it must first get expanded via token.
This allows the use of higher-order functions as arguments. If the recursive ac-
tions would be of higher arity directly, their arguments would be required to be
data. In order to be shared maximally, box[𝑓 ] may then always be written with
a token such that it executes asynchronously. This has the obvious drawback of
infinitely recursing reductions as long as no priority is given to other reductions.

As discussed in section 3.6, recursion can be optimized by guaranteeing the
recursively expanded term to be in normal form up to execution of actions. In
practice, this may be done by pre-reducing any box at compile time.

4.4 Applications of Forks
Forks are essential when interacting with the Real World: While multiple to-
kens may be written explicitly in programs to denote asynchronous execution,
it is otherwise not generally possible to parallelize two different sequential exe-
cutions.

Disjunctive forks using race represent a paradigm commonly referred to
as angelic nondeterminism [36]. It is named angelic because it always “chooses
the optimal solution”, i. e. the shortest terminating path when applied to non-
terminating and terminating terms. This type of nondeterminism was first pro-
posed by McCarthy [37] with the amb construct.
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In our interpretation with tokens, race should return (1) the path which
is reduced and executed fastest, and (2) only paths which eventually reflect a
token.

Listing 5 Example use of race: Downloading an executable from multiple mir-
rors, such that—optimally—the fastest one is chosen automatically.

let angelicPong = race
(download ("www1.example.com/pong.exe" !))
(download ("www2.example.com/pong.exe" !))
(download ("www3.example.com/pong.exe" !))
(download ("www4.example.com/pong.exe" !)) !;

exec angelicPong !

In listing 5, once a cotoken is returned from one of the racing executions,
all other terms are erased as defined in definition 3.3.

There is a caveat to this specification of race: The nondeterministic branches
are not guaranteed to be executed in parallel—it is implementation-defined. In
listing 5, this could then result in always choosing, say, the first mirror instead of
the fastest one. Still, as a consequence of the necessity for returning cotokens,
non-terminating paths are guaranteed to never be chosen as the “winner” of the
race.

In comparison to race, the conjunctive fork join only becomes useful with
a token-passing semantics: definition 3.3 implies that when a term is executed
using the incoming token, it must also supply a function operating on the results
of the fork’s two children. The tokenmust therefore traverse into the argument
of the additionally provided function.

In listing 6, we assume that token-passing similar to the one defined in chap-
ter 7 exists.

Listing 6 Example use of join: Reading multiple files—potentially in parallel—
and concatenating them.

let file = join
(concat (readFile ("partA.txt" !)))
(concat (readFile ("partB.txt" !)))
(concat (readFile ("partC.txt" !)))

(readFile ("partD.txt" !)) !;

writeFile ("full.txt" !) file !

The example program in listing 6 will pass a token to every branch, with

53



a token-passing semantics passing this token along to the respective readFile
argument. Once all cotokens return, the resulting content is concatenated via

concat ⟨𝐴⟩ (concat ⟨𝐵⟩ (concat ⟨𝐶⟩ ⟨𝐷⟩)).

4.5 Foreign Functions
Actions are capable of producing arbitrary terms. One can imagine an imple-
mentation which allows loading code remotely using an action producing its
corresponding term representation. Of course, in asynchronous execution or-
thogonality has to be guaranteed. In listing 7, this is done by assuming the re-
sulting term to be pure and supplying a checksum hash such that its evaluation
can not depend on any state.

A more sophisticated version of this approach to distributed programming is
implemented in the Unison programming language1.

Listing 7 Loading a pure function asynchronously from a foreign location en-
ables it to be used like any other pure function.

let fac = loadPure ("www.example.com/library
?name=fac
&checksum=84de84e07449e1c7ad1f684f13154981" !) !;

-- note how fac does not require a '!'.
writeInt (fac (100 !)) !

Further, actions may be used to execute different programming languages
and return the result as data. This way, foreign functions can be called directly
in the language, as in listing 8.

Listing 8 Evaluating the factorial of a number by racing the implementations of
multiple programming languages.

let fac n = race
(evalLang ("python" !) ("math.factorial" !) n)
(evalLang ("r" !) ("factorial" !) n)
(evalLang ("julia" !) ("factorial" !) n) !;

writeInt (fac (100 !)) !

1https://www.unison-lang.org/, 07/06/2025
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Here, the evalLang action calls the interpreter of the respective language
with the given function name and numeric argument. By assuming such calls to
be pure, the race is executed asynchronously and fac may then be used without
a token.
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Chapter 5

Effectful Agents

In this chapter we introduce the effectful extensions described in chapter 3 to
interaction nets. In section 5.2, we present the additional agents and their polar-
ized variants. We go on to showcase the resemblance to Λeff by describing in the
context of interaction nets the executions of actions, the concept of effectful
currying, as well as the behavior of forks. We end the chapter by providing
the specifics of the translation from Λeff and discussing various aspects of the
presented extension of interaction nets.

5.1 Introduction
The effectful agents correspond to the additional terms of Λeff, thus extending Σ
with an actor, data, forks, and the token and cotoken.

Similar to how a token in an abstractmachine can be used to track and control
the state of reduction [30], the concept of a token within an interaction net is also
not new: A token agent is used by Sinot [32] to reduce an encoded term using
the Call-by-Name or Call-by-Value reduction strategy (depending on how the
token is passed), which was later used to derive a Call-by-Need strategy [38].
In recent work by Salikhmetov [23], Sinot’s token-passing is extended with a
waiting construct which delays 𝛽-reduction in order to gain optimality in the
sense of a bookkeeping oracle.

Related work on graphs instead of interaction nets includes the Geometry
of Interaction (GOI) by Girard [39], which also uses a token-like agent travers-
ing the graph in a specific path. The work is especially notable as it allows for
derivations of (possibly) efficient abstract machines [40], which may be transfer-
able to our work as well. Further research by Fernández; Mackie [41] embedded
a Call-by-Value reduction strategy into such a machine.
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5.2 Agents

ψ ↓

Actor Data Fork Token

Figure 5.1 The effectful extension agents of Σeff.

The token agent travels through the net by interacting with certain agents
and either continuing at one of their ports, or by getting reflected. The arrow
always points to its principal port, which is the bottom in figure 5.1.

Through the interactions with duplicator and eraser agents, data is effec-
tively memory-managed: As described in section 3.5, data should be interpreted
as being a reference to resources in the RealWorld. By tracking the interactions
with duplicators and erasers, the referenced data in the Real World may be
freed or otherwise removed once no such reference remains. For example, an in-
terpreter may want to attach a reference count to memory-allocated data which
gets incremented or decremented with the respective interactions. Once this
count becomes zero, the data can be deallocated.

Similar to the agents of Σpol, the agents of Σeff can now be polarized to Σpeff.
This acts as a type system for the wiring and makes describing certain interac-
tions such as annihilations of effectful agents irrelevant, as they cannot occur in
well-typed nets.

Definition 5.1 (Agents of Σeff and Σpeff). The system of Σeff extends Σ from
definition 1.8 with agents representing the action, data, forks, and token of
Λeff. We write as D the set of agents encoding data of the Real World, and as
Ξ the set of agents encoding actions. It is defined as

Σeff = Σ ∪ {∧∘, ∨∘, ◁∘} ∪ {𝜋∘ ∣ 𝜋∘ ∈ D} ∪ {𝜉 𝑖C ∘ ∣ 𝜉 𝑖C ∘ ∈ Ξ},
with ar(𝜉 𝑖C ∘) = ar(𝜋∘) = 0, ar(∧∘) = ar(∨∘) = 2, and ar(◁∘) = 1.

Correspondingly, we also extend Σpol from definition 1.10 to Σpeff by adding
the polarized agents:

Σpeff = Σpol ∪ {∧, ∨, ◁, ▷} ∪ {𝜋 ∣ 𝜋 ∈ D} ∪ {𝜉 𝑖C ∣ 𝜉 𝑖C ∈ Ξ},

where 𝜉 𝑖C ≡ 𝜉 𝑖C
⊕
∘ , 𝜋 ≡ 𝜋⊕∘ , ∧ ≡ ∧∘(x⊖, y⊖)⊕, and ∨ ≡ ∨∘(x⊖, y⊖)⊕.

The directed tokens also emerge from ◁∘ by polarization: ◁ ≡ ◁∘(cont⊕)⊖ and
▷ ≡ ◁∘(body⊖)⊕.
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The agents Σpeff of definition 5.1 are visualized in figure 5.2 with the addition
of the agents dual to an actor, data, and the forks. We discuss both forks as
one agent, as they only differ in the way they handle returning cotokens.

𝜉 𝑖C

⊕

𝜋

⊕
ψ

⊕

⊖ ⊖
↑
⊖

⊕
Actor⊕ Data⊕ Fork⊕ Token⊖

𝜉 𝑖,∗C

⊖

𝜋∗

⊖
ψ

⊖

⊕ ⊕
↑
⊕

⊖
Coactor⊖ Codata⊖ Cofork⊖ Cotoken⊕

Figure 5.2 The polarized effectful agents.

Actor⊕ An actor agent encoding actions of Λeff-terms 𝐴 ∈ 𝑎, such as read
or write. It produces either the resulting agents after execution ( 𝜉 ), or
another actor ( 𝜉⇝).

Data⊕ A data agent encoding data of Λeff-terms 𝐷 ∈ 𝑑 , such as ⟨⟩ or ⟨42⟩. It
produces data consumable by actors.

Fork⊕ A fork agent produces the resulting term after it consumes the two
forked terms. Its exact behavior depends on whether it is conjunctive or
disjunctive.

Token⊖ A token agent that is heading from the positive to the negative polar-
ity. In an abstract sense it consumes data or the produced agents after it
executed an actor.

Cotoken⊕ A token agent that is dual to token⊖. It is returning from the
negative to the positive polarity.

Although there is no immediate use for the coactor, codata, and cofork
agents, we have presented them regardless. One could imagine their use coming
from a different source language that has applications for such dualities: Since ev-
ery agent has its dual equivalent, any presented interaction can also be expressed
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in its dual world. For example, the dual 𝜉 ∗-reduction then coapplies codata to
coactors via abstractors, since abstractors are dual to applicators.

By polarization of the effectful agents we have gained another property: The
token always moves in the direction towards executing actors, while the co-
token is always on the returning path—opposing the polarized direction of the
wire. This is particularly important in the context of token-passing semantics
we introduce in chapter 6 and chapter 7, as the order of execution is then—in a
sense—prescribed by the passing of the token, which is in turn prescribed by
polarization.

5.3 Executing Actors
The additional agents interact with the duplicator and eraser as we have de-
fined generically for Σ in figure 1.4.

When the downward-facing token interacts with an actor of arity 0, the
resulting net may encode any closed term of Λeff. The specific behavior of indi-
vidual actors is defined by the reducing host and can result in arbitrary inter-
action nets with a single free wire. This mirrors exactly the behavior of Λeff as
described in chapter 3.

↓

𝜉 0C

x1
x1

↑
(a)

↓(b)

↑
(c)

Figure 5.3 Execution of an effectful agent, resembling the 𝜉 execution of Λeff.

Potential results of execution in figure 5.3 include:

(a) A data agent that reflects the token. This represents the expected behav-
ior of 𝜉 when an action produces data. When the token does not get
reflected, the entire net would contain one less token than before. This is
used for asynchronous actions.

(b) An actor agent that bounces the token. Since the produced actor can be-
have differently on each bounce, this can be used for counting or delaying
the bounces or reflection of the token.
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(c) A coeraser that consumed the token. This can be used for panicking the
current thread, as no further actors can be executed by the consumed
token and the coeraser starts erasing the net.

The resulting net may also be used for recursion, as described in section 3.6.
The net would then encode the closed term required for the recursive call, where
the free wire corresponds to the argument of the application. This approach is
closely related to references used in HVM [4], where such agents may expand to
externally specified nets as well.

Actors with non-zero arity 𝑖 always reflect a token. The annihilation of
token-cotoken interactions is preserved as well. Then, the behavior of Σpeff
mirrors Λeff perfectly:

𝜉 0C ⋈ ◁[M]
𝜉 𝑖C ⋈ ◁[▷(𝜉 𝑖C)]

▷[x] ⋈ ◁[x]

𝜉 0C ◁ 𝜉 𝑀
𝜉 𝑖C ◁ 𝜉⇝ 𝜉 𝑖C ▷

𝑀 (▷ ◁) 𝜉⇝ 𝑀
(▷ ◁) 𝑀 𝜉⇝ 𝑀

Compared to Λeff, nets encoding terms which may cause side effects are by
construction only fully duplicated once they are unable to cause side effects. This
is because the duplication happens iteratively via principal ports, therefore only
duplicating asynchronous actions once they are no longer connected to a token.
This happens analogously for disjunctive forks, whereas this limitation was
defined only informally for Λeff (see chapter 3).

5.4 Partial Application
Partial application in Σpeff corresponds to the partial applications of Λeff, which
we described in example 3.4. Specifically, just like for actions in 𝜉 -reduction,
actor agents are effectfully curried and produce another actor agent when ap-
plied to data.

Agents can only interact via their principal port. Formally, an actor agent
can thus not differentiate between its arguments when interacting with an ap-
plicator. We therefore introduce the temporary curry-actor agent 𝜉 𝑖,𝑐C that
has two ports and only interacts with data:

𝜉 𝑖C ⋈ 𝛼[𝜉 𝑖,𝑐C (x), x] and 𝜉 𝑖,𝑐C [𝜉 𝑖−1C++[𝜋]] ⋈ 𝜋 𝜉 𝑖C 𝜋 𝜉⇝ 𝜉 𝑖−1C++[𝜋]

The entire process of partial application is visualized in figure 5.4.
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𝛼

𝜉 𝑖C

y2

𝛼

𝜉 𝑖C

y1y2

⇝

y2 y1

𝜉 𝑖,𝑐C⊕ ⊖ 𝜉 𝑖,𝑐C
y2

⇝ 𝜉 𝑖−1C′

y2

Figure 5.4 Partial application of an actor, corresponding to
𝜉⇝ of Λeff. Temporarily,

the actor is put into the curry-state to allow interaction with data.

This step is also necessary to keep the net well-typed: At their principal port,
an actor produces data, while a curry-actor consumes data.

Note that implementations may diverge from the strict laws of interaction
and polarization, and could instead interact with both the applicator and data
directly (as shown on the left in figure 5.4).

5.5 Forks
The behavior of forks in Λeff as defined in definition 3.3 can be translated to
Σpeff. In general, the abstract interaction rules can be derived trivially from ψ⇝,
as shown in figure 5.5. Compared to Λeff, the erasing in the disjunctive forks
is made explicit.
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↓

ψ
⇝

ψ

↓ ↓

∧

↑ ↑
⇝ 𝛼

↓

ψ 𝑀 𝑁 ◁ ψ⇝ ψ (𝑀 ◁) (𝑁 ◁) ∧ (𝑀 ▷) (𝑁 ▷) ψ⇝ 𝑀 𝑁 ◁

∨

↑
⇝

↑

𝜀

∨

↑
⇝

↑

𝜀

∨ (𝑀 ▷) 𝑁 ψ⇝ 𝑀 ▷ ∨ 𝑀 (𝑁 ▷) ψ⇝ 𝑁 ▷
Figure 5.5 Abstract interactions of forks in Σpeff, resembling the

ψ⇝ reduction of Λeff.
Here, ψ ∈ {∧, ∨}.

In figure 5.5 both the forks require interactionwith two principal ports. In the
conjunctive case, the interaction happens only when both tokens have returned
as cotokens. In the disjunctive case, the interaction happens when either token
returned as cotoken.

By its deterministic nature, the interactions of the conjunctive fork can be
implemented with appropriate auxiliary agents. These auxiliary agents should
effectively simulate an AND gate. We introduce the auxiliary joining agents 𝑗1,2 and
their activated versions 𝑗∗1,2: When either 𝑗1,2 agent interacts with a cotoken, it
becomes activated. When two activated join agents interact, they annihilate.

∧[▷(𝑗1(x, 𝛼(y, ◁(z)))), ▷(𝑗2(x, y))] ⋈ ◁[z]
𝑗1,2[𝑗1,2(x, y), x] ⋈ ▷[y]

𝑗1[x, x] ⋈ 𝑗2[y, y]
Note how the agents 𝑗1,2 differ only in the polarity of their left auxiliary port,
since this is the port used to annihilate the activated join agents. These auxiliary
interactions are visualized in figure 5.6.

63



↓

∧
⇝

𝛼

↓

𝑗1 𝑗2

↓ ↓

𝑗1,2

↑

⇝ 𝑗∗1,2

𝑗∗1

𝑗∗2

⇝

⟹

𝛼

↓

𝑗1 𝑗2

↑ ↑

⇝
𝛼

↓

𝑗∗1 𝑗∗2

⇝ 𝛼

↓

Figure 5.6 Conjunctive fork interactions of Σpeff using auxiliary agents 𝑗1,2 and 𝑗∗1,2.
The rules are at the top, an example reduction is at the bottom.

In contrast to the conjunctive forks, disjunctive forks are nondetermin-
istic. By the deterministic nature of interaction nets, they can not be imple-
mented directly. Intuitively, this can be seen by imagining only the effect con-
junctive forks have on confluence: As long as either thread returns a cotoken,
the net will still reduce to a normal form even if another thread reduces indef-
initely. Therefore, in nets with disjunctive forks, reduction paths may have
different lengths and strong confluence is broken.

In consequence, disjunctive forks require a nondeterministic extension of
interaction nets. Such extensions have first been introduced in the PhD thesis of
Alexiev [42]. Specifically, we use the extension allowing multiple principal ports
(“INMPP”), which was further developed by Fernández; Khalil [36].

Upon interaction of ∨with a token, it turns into the ambiguous agent ∨∗ with
two principal ports. Interaction rules for this ambiguous agent can be defined
using the syntax by Fernández; Khalil [36]. In this syntax, additional equations
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are specified after the rule itself using , … . The state of the principal ports after
interaction is specified as terms 𝑡𝑖 on the left side of an agent via [𝑡1, … ,—, … , 𝑡𝑛],
where “—” selects the port used for this interaction rule.

Then, the interactions seen in figure 5.5 are defined by

∨[y, z] ⋈ ◁[x], [◁(y), ◁(z)]∨∗[x]
[—, 𝜀]∨∗[▷(x)] ⋈ ▷[x]
[𝜀,—]∨∗[▷(x)] ⋈ ▷[x]

5.5.1 Communication
In comparison to the 𝜆-calculus, interaction nets allow connections between dis-
tinct terms. The Bend language defines these connections using scopeless lamb-
das1. Scopeless lambdas then allow a kind of global substitution, where a sub-
stitution to one variable has effects on an equivalently named variable in a com-
pletely different context.

In the context of forks, such wires between nets allow communication be-
tween threads. If the forked nets are instantiated with a connection between
them, interactions may happen across this wire—thus exchanging information
or data. We provide a proof-of-concept visualization in figure 5.7.

↓

ψ
⇝

ψ

↓ ↓

Figure 5.7 Wires between forked nets as a way of communication.

We conjecture that an appropriate syntax for this communicationwould have
close relations to process calculi such as the 𝜋-calculus and the work of Jacobs
[43]. The introduced wire would then represent a channel. The integration of
such features into Λeff and Σpeff remains future work.

1https://github.com/HigherOrderCO/Bend/blob/d184863f03e796d1d657958a51d
d6dd331ade92d/docs/using-scopeless-lambdas.md, 07/09/2025
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5.6 Translation
Definition 5.2 (Translation Λeff → Σpeff). We extend definition 1.12 to the addi-
tional term kinds of Λeff:

⟦𝑀 ◁⟧p = {m == ◁(p)} ∪ ⟦𝑀⟧m
⟦𝜉 𝑖C⟧p = {p == 𝜉 𝑖C }
⟦𝜋⟧p = {p == 𝜋}
⟦∧ 𝑀 𝑁⟧p = {p == ∧(m, n)} ∪ ⟦𝑀⟧m ∪ ⟦𝑁⟧n
⟦∨ 𝑀 𝑁⟧p = {p == ∨(m, n)} ∪ ⟦𝑀⟧m ∪ ⟦𝑁⟧n

In order to trigger the token-passing semantics, it thenmakes sense to restate
the configuration of a program𝑀 ∈ Λeff as ⟨∣ 𝜄 == p, p == ⟦𝑀 ◁⟧p⟩. This can also
be seen as the result of the interaction of an arbitrary agent and the intiator
sending out a token. It further allows eliminating the final returning cotoken:

𝜄 ⋈ ▷[𝜄]
Example 5.3. We translate 𝑀 = write1∅ (mult2∅ ⟨21⟩ ⟨2⟩ ◁) ◁ to Σpeff using ⟦𝑀⟧𝜄.
We assume that mult can be executed asynchronously (i. e. is orthogonal) and
does not reflect a cotoken. We can then reduce it until everything is executed
and the token returns as cotoken.

𝛼

write

↓

𝜄

↑

𝛼

𝛼

mult

2

21 𝛼

write

42↓

𝜄
𝜄
↑

⟨⟩

Figure 5.8 Example translation from Λeff to Σpeff and its reduction.

With all the translations and rules described, we can extend the rules of Σpol
with the rules of Σpeff.
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Definition 5.4 (Interaction Rules of Σpeff). We extend the interaction rules of
Σpol from definition 1.11:

𝜄 ⋈ ▷[𝜄]
𝜉 𝑖C ⋈ 𝛼[𝜉 𝑖,𝑐C (x), x]

𝜉 𝑖,𝑐C [𝜉 𝑖−1C++[𝜋]] ⋈ 𝜋
𝜉 0C ⋈ ◁[M]
𝜉 𝑖C ⋈ ◁[▷(𝜉 𝑖C)]

▷[x] ⋈ ◁[x]
∧[▷(𝑗1(x, 𝛼(y, ◁(z)))), ▷(𝑗2(x, y))] ⋈ ◁[z]

𝑗1,2[𝑗1,2(x, y), x] ⋈ ▷[y]
𝑗1[x, x] ⋈ 𝑗2[y, y]
∨[y, z] ⋈ ◁[x], [◁(y), ◁(z)]∨∗[x]

[—, 𝜀]∨∗[▷(x)] ⋈ ▷[x]
[𝜀,—]∨∗[▷(x)] ⋈ ▷[x]

We do not view the auxiliary agents 𝜉 𝑖,𝑐C , 𝑗1,2, 𝑗∗1,2, or ∨∗ as part of Σpeff as they are
only necessary to conform to the laws of interaction nets and may be exchanged
with arbitrary agents.

5.7 Evaluation
In order to derive comparisons between the further variants described in chap-
ter 6 and chapter 7, we evaluate baseline benchmarks of Σpeff using the provided
translations from Lsim and Λeff.

5.7.1 Approach
In our benchmarks, time by itself is not a relevantmetric. We view interactions as
being bounded by a constant time (O(1)), so instead only measure the number of
interactions. Bounds on timemay then be derived from this number. Specifically,
we differentiate between two counts:

Interactions The total number of active pairs required to be reduced until no
active pair is left. We also categorize the number of iterations by the re-
spective interaction rules (duplication, annihilation, erasing, effectful). In
a strongly confluent system, these numbers are always constant.
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Iterations In every iteration of a net, each active pair with a matching interac-
tion rule is reduced once, without reducing the potentially resulting active
pairs. The measure of iterations is equivalent to the measure of “available
parallelism” analyzed in existing work [44, 45]: In contrast to only count-
ing interactions, iterations also measure to which extent the reduction can
benefit from parallelism, as every iteration reduces all current active pairs
in a single, parallel step.

The parallel reduction is only possible because of locality, as the interac-
tions can not interfere with each other. In a strongly confluent system, this
number is always constant.

We further calculate the ratio of interactions per iterations, such that larger
numbers hint towards more productivity when reducing in parallel.

In our results we pre-reduce all recursive calls as discussed in section 4.3. We
do not garbage collect detached nets externally even when it could reduce the in-
teraction counts without changing the correctness. These restrictions can be re-
produced as described in appendix A via cat <file> | opteff-exe -c -t monad.

We also compare against the Bend language using the Higher-Order Virtual
Machine discussed in chapter 2. We use the HVM version 2.0.22 together with
the Bend version 0.2.38. We run the programs using
bend run -Ono-all -Ofloat-combinators -Olinearize-matches -s <file>.

5.7.2 Results
As our system encodes the abstract algorithm (section 1.3.6), we can only evaluate
a certain subset of Λeff [21]. Here we have the further limitation of no token-
passing semantics, therefore requiring effectful terms to either be asynchronous
or linearly dependent on each other.

We use a very restricted set of programs, which is defined in bench/nopassing/
(see appendix A). As a token can not enter applicators, all recursive calls are
tail-recursive.
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Rules Bend

Inter. Iter. Ratio Dup. Ann. Era. Eff. Inter.

fac10_tail 284 134 2.119 30 111 28 115 203
fac20_tail 554 264 2.098 60 221 48 225 413
fib10_tail 304 127 2.394 33 133 32 106 278
fib20_tail 564 237 2.380 63 253 52 196 538
collatz24 541 148 3.655 44 210 63 224 304
collatz25 1152 317 3.631 96 457 128 471 681

Table 5.1 The interaction counts and iterations required to reduce the programs in
bench/nopassing/ to their normal form in Σpeff.

As expected from their related structure and argument sizes, the results in ta-
ble 5.1 are very similar to each other. Together with the fact that the interactions
and iterations appear to scale linearly with more iterations, these preliminary re-
sults indicate that our approach has no surprising overhead. This observation is
further enforced by the interaction counts of the Bend programming language.
The difference in interaction counts to Bend most probably stems from our re-
quirements for partial application and token interactions. Arithmetic is not seen
as effectful in HVM and is implemented via dedicated agents.

In figure 5.9 we plot the available parallelism per iteration of fac10_tail
against the same program without pre-reducing recursive calls. This implies
larger spikes in each iteration of the program, as more reduction work is re-
peated.
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Figure 5.9 Available parallelism per iteration during the reduction of fac10_tail,
compared to its version without pre-reduced recursive calls.
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5.8 Discussion
Aside from the nondeterministic extension for the disjunctive fork, we have
not diverged from the laws of interaction nets proposed by Lafont [1]. We there-
fore arrive at the following as a consequence of theorem 1.7 and corollary 3.7.

Corollary 5.5 (Strong Confluence of Orthogonal ). Assuming all actors to be
orthogonal, the reduction relation of Σpeff ⧵ {∨} satisfies the diamond property
modulo time of execution.

The translation to Σpeff preserves the aspects required for (effectful) optimal-
ity. For one, by definition the duplicator agents always also reduce the net
iteratively, thus sharing maximally. This sharing includes the execution of asyn-
chronous actions as they are only duplicated once they have been executed—as
required by section 3.7.

Techniques for preventing redundant reductions also remain: Without ac-
tions or tokens, strictly sequential reductionmay be used in addition to garbage
collecting detached nets externally as described in section 1.3.5. With the ad-
dition of effectful agents, even parallel reduction may be used since detached,
unreduced nets are not generally deemed to be redundant (see section 3.7). In
the aspect of minimizing redundant reductions heuristically, any detached net
turning out not to contain a token or cotoken can still be garbage collected ex-
ternally without requiring iterative erasing. By viewing side effects as the only
relevant part of a program’s evaluation, this heuristic spans general nets encod-
ing a program, as it can effectively be garbage collected once it is incapable of
causing side effects.

In comparison to existing solutions of adding side effects to interaction nets
discussed in chapter 2, our technique does not have limitations on the number of
arguments, does not require halting of reductions in order to execute actions,
is capable of producing arbitrary nets via side effect, and supports reduction in
parallel to execution.

Our preliminary results indicate availability of parallelism even when se-
quentializing the execution by linear dependencies. This parallelism includes
asynchronous actions, 𝛽-reduction, partial application of actors, and garbage
collection.
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Chapter 6

Monadic Style

In this chapter we introduce a token-passing semantics for both the 𝜆-calculus
and interaction nets by extending them with monadic constructs.

Monads offer an elegant solution to passing a context along computations se-
quentially without having to write this passing of context explicitly. The concept
has its roots in category theory, but was later applied to abstract programming
languages by Moggi [26]. To us, monads may be imagined as carrying not some
context, but the Real World in its entirety. Therefore, all operations using a
version of the Real World will also be run sequentially. This solution to the
problem of sequentiality was proposed for the Haskell programming language
by Peyton Jones; Wadler [27]. There, the Real World is implicitly carried via
the type system, thus giving a guarantee of sequential execution.

In interaction nets, the use of agents to simulate the behavior of various kinds
of monads has first been explored in the PhD thesis of Jiresch [45]. Our agents
are related to their “state transformer” agents, but solely interact to redirect the
token agent described in chapter 5 in a way that it represents the implicitly and
sequentially passed context of the monad.

In section 6.1 we briefly introducemonads in the context of side effects. In the
first part of this chapter we then describe the monadic extension of the effectful
𝜆-calculus alongside its semantics. In the other part we introduce its equivalent
representation in interaction nets as well as its translations. We conclude with
discussing the monadic style and evaluating its feasibility.

6.1 Monads
For the way in which we make use of monads, we introduce them only as a
high-level solution to adding sequentiality to functional programming [27].

A monad consists of two functions bind and return (or unit). A monadic
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action represents a wrapper 𝑀 around some value 𝑥 of type 𝑎. This wrapper
may be interpreted as carrying the context of the value 𝑥 . The bind function
binds a monadic action to a function turning the unwrapped value 𝑎 into another
monadic action 𝑀 𝑏—the continuation. In order to create such a monadic action
from pure terms, the return function wraps terms into a monadic action.

In a typed language such as Haskell, these functions can therefore be written
as the following:

bind 𝑚𝑥 𝑓 ∷ 𝑀 𝑎 → (𝑎 → 𝑀 𝑏) → 𝑀 𝑏
return 𝑥 ∷ 𝑀 𝑎

In order for a system to be considered a monad, it must satisfy a set of monad
laws (theorem 6.4).

In the case of side effects, we take as inspiration the IO monad of Haskell
as described by Peyton Jones; Wadler [27]. The core idea behind it is that any
action requiring synchronization with the RealWorld may be interpreted as a
function turning the RealWorld into another state of the RealWorld attached
to a value. For example:

readInt ∷ RealWorld → (Int, RealWorld)
writeInt 𝑛 ∷ Int → RealWorld → ((), RealWorld)

With corresponding definitions of bind and return for the type 𝑀 = IO, IO 𝑎 =
RealWorld → (𝑎, RealWorld), the following then writes an integer it has read:

bind readInt writeInt writeInt ⟨42⟩ ⟨⟩ ,
where we hide the implicit passing of RealWorld for better readability.

Importantly, this way of passing state guarantees a strict sequence of execu-
tion, as RealWorldmay only be passed to the next function if the current execution
has finished.

6.2 Language Extension
It is common for a language making use of monads to introduce a dedicated
syntax, so programmers do not have to write all binds and returns explicitly. One
of such syntaxes is shown in listing 1 for the Bend language. In an extension to
Lsim, we instead opt for a syntax similar to Haskell’s do notation [28].

Definition 6.1 (Terms of Lmon). We extend the language Lsim from defini-
tion 4.1 with a monadic notation for sequentializing actions.
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The terms of the monadic language Lmon are:

𝑡 =∷ ⋯ Terms of Lsim

∣ do 𝑡 Do Expression
∣ 𝑥 ← 𝑡; 𝑡 Monadic Bind
∣ return 𝑡 Monadic Return

𝑥 ∈ x, num, add, … Name

Using this extension, sequentialization does not require a custom encoding
by data dependencies as before. Instead, the sequence is encoded directly in
the monadic binds. As an implication, there is also no need for asynchronous
execution via force.

Listing 9 An example program in Lmon. Note how all synchronous actions—
even add—must be written in this notation to be executed.

let staticTwo = do (
return (2 !)

);

do (
a ← readInt ⟨⟩;
b ← staticTwo;
res ← add a b;
writeInt res

)

If this specific implementation of add is applicable to asynchronous execution
as argued in section 3.4, one may still write writeInt (add a b !) directly. We
assumed such asynchrony for loading the integer 2.

6.3 Semantics
Since our introduced system relies on tokens to execute actions and forks, we
replace the concept of passing the Real World implicitly with the concept of
passing the token.

The semantics of Lmon follow the semantics of Lsim (and therefore Λ) up
to this additional token-passing. We argue about its semantics using a monadic
extension of Λeff.

Definition 6.2 (Terms of Λmon). We extend the effectful 𝜆-calculus Λeff from
definition 3.1 with bind and return terms.
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The terms of the monadic 𝜆-calculus Λmon are:

𝑡 =∷ ⋯ Terms of Λeff

∣ (𝑡 >>= 𝑡) Monadic Bind
∣ (𝜂 𝑡) Monadic Unit

We define the monadic token-passing semantics using the explicit token, im-
plicit inLmon. We are not aware of similarly minimal notations for the execution
order of IO monads.

Definition 6.3 (Token-Passing Semantics of Λmon). The token-passing △⇝ of
Λmon is described by the following rewrite rules:

(𝑀 >>= 𝑁) ◁ △⇝ (𝑀 ◁) >>= 𝑁
(𝑀 ▷) >>= 𝑁 △⇝ 𝑁 𝑀 ◁
(𝜂 𝑀) ◁ △⇝ 𝑀 ▷

This token-passing semantics indeed matches the behavior of monads ex-
actly: The token continuing in 𝑀 when being applied to a bind (𝑀 >>= 𝑁) can
be seen as initiating the unwrapping from𝑀 𝑎 to 𝑎. When the token returns, the
resulting 𝑎 is applied to 𝑁 with type 𝑎 → 𝑀 𝑏. Therefore, the resulting 𝑀 𝑏 will
also have to be applied to a token to access its wrapped value 𝑏, and equivalently
for the monadic unit 𝜂.

Notably, the token only returns as cotoken in 𝑀 if it is either applied to a
unit, or by being reflected from an actor or fork. Assuming common typing
rules such as Haskell’s [27], a token will never be applied to an abstraction or
application in (weak) normal form and can therefore never get “stuck” or cause
overlapping rewrite rules. A term such as (𝑀 ▷) >>= 𝑁 △⇝ 𝑁 𝑀 ◁will necessarily
imply that (1) 𝑁 converges to an abstraction, and (2) that 𝑁 ′, (𝑁 𝑀) ↓ 𝑁 ′, if
existing, is either a monadic unit, a monadic bind, a fork, or an action.

Theorem 6.4 (Monad Laws of Λmon). The token-passing semantics △⇝ of Λmon
follow the monad laws.

(𝜂 𝑀) >>= 𝑁 △≡ 𝑁 𝑀 Left Identity

𝑀 >>= 𝜆𝑥.(𝜂 𝑥) △≡ 𝑀 Right Identity

(𝑀 >>= 𝑁) >>= 𝑂 △≡ 𝑀 >>= 𝜆𝑥.((𝑁 𝑥) >>= 𝑂) Associativity

Where𝑀 △≡ 𝑁 iff there exists a common term 𝐶 , such that (𝑀 ◁) 𝐶 and (𝑁 ◁)
𝐶 .
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Proof. By reduction:

Left Identity
((𝜂 𝑀) >>= 𝑁) ◁

△⇝ ((𝜂 𝑀) ◁) >>= 𝑁
△⇝ (𝑀 ▷) >>= 𝑁
△⇝ 𝑁 𝑀 ◁

Right Identity
(𝑀 >>= 𝜆𝑥.(𝜂 𝑥)) ◁

△⇝ (𝑀 ◁) >>= 𝜆𝑥.(𝜂 𝑥)
(𝑀′ ▷) >>= 𝜆𝑥.(𝜂 𝑥) ⊛

△⇝ (𝜆𝑥.(𝜂 𝑥)) 𝑀′ ◁
𝛽⇝ (𝜂 𝑀′) ◁
△⇝𝑀′ ▷ 𝑀 ◁ ⊛

Associativity

((𝑀 >>= 𝑁) >>= 𝑂) ◁
△⇝ ((𝑀 >>= 𝑁) ◁) >>= 𝑂
△⇝ ((𝑀 ◁) >>= 𝑁) >>= 𝑂
((𝑀′ ▷) >>= 𝑁) >>= 𝑂 ⊛

△⇝ (𝑁 𝑀′ ◁) >>= 𝑂

(𝑀 >>= (𝜆𝑥.((𝑁 𝑥) >>= 𝑂))) ◁
△⇝ (𝑀 ◁) >>= 𝜆𝑥.((𝑁 𝑥) >>= 𝑂)
(𝑀′ ▷) >>= 𝜆𝑥.((𝑁 𝑥) >>= 𝑂) ⊛

△⇝ (𝜆𝑥.((𝑁 𝑥) >>= 𝑂)) 𝑀′ ◁
𝛽⇝ ((𝑁 𝑀′) >>= 𝑂) ◁
△⇝ (𝑁 𝑀′ ◁) >>= 𝑂

In the steps marked with ⊛, we assume the token returns after an arbitrary
number of reduction steps. This assumption must not always be true, since ac-
tions are not forced to return a token after execution, or the token could be
applied to terms for which we have not defined the reduction behavior. Yet it
should be true for all monadic actions: Without returning a token, the monadic
chain would be broken and would not reduce further by △⇝. Ultimately, this rule
shall also be enforced by a type system or the programmer.

We derive the following based on the results of Sinot [32] and the described
semantics of Λmon:

Proposition 6.1 (Return of the Token). Assuming that all actions reflect a token
after execution, a token-free term 𝑀 ∈ Λmon ⧵ {◁, ▷} fulfilling the monadic typing
rules applied to a token always either diverges, or reduces to a term applied to a
cotoken:

𝑀 ↓ 𝑀′ ⟺ 𝑀 ◁ 𝛽𝜉ψ△𝑀′ ▷
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6.4 Monadic Agents
The additional term kinds of Λmon can be equivalently introduced to interaction
nets by extending Σeff and Σpeff.

Definition 6.5 (Agents of Σmon and Σpmon). The system of Σmon extends Σeff
from definition 5.1 with agents representing the monadic bind and unit of
Λmon:

Σmon = Σeff ∪ {>>=∘, 𝜂∘},
with ar(>>=∘) = 2, ar(𝜂∘) = 1.

Correspondingly, we also extend Σpeff from definition 5.1 to Σpmon by adding
the polarized agents: The monadic bind is polarized as two different agents,
with one being its executive state:

Σpmon = Σpeff ∪ {>>=, >>=∗, 𝜂},
where >>= ≡ >>=∘(arg⊖, cont⊖)⊕, >>=∗ ≡ >>=∘(cont⊖, ret⊕)⊖, and 𝜂 = 𝜂∘(cont⊖)⊕.

>>=

⊕ ret

⊖arg ⊖ cont

>>=∗

⊖ arg

⊖cont ⊕ ret

𝜂

⊕ ret

⊖ cont

Bind⊕ Bind-Exec⊖ Unit⊕

Figure 6.1 The polarized monadic agents of Σpmon.

The requirement for bind-exec becomes clear with the following observa-
tion: When a monadic bind gets executed, it gets applied to a token. When
this token consequently continues its traversal in its left auxiliary port (the ar-
gument), there is no way of interacting with the returning cotoken. In contrast,
by replacing this bind agent with a bind-exec agent, the cotoken will interact
with the principal port.

The rest of the monadic agents interact by extending the rules of Σpeff from
definition 5.4 and mirroring the exact behavior of the described monadic token-
passing semantics of Λmon:

>>=[▷(>>=∗(y, x)), y] ⋈ ◁[x]
>>=∗[𝛼(x, ◁(y)), y] ⋈ ▷[x]

𝜂[x] ⋈ ◁[▷(x)]

(𝑀 >>= 𝑁) ◁ △⇝ (𝑀 ◁) >>= 𝑁
(𝑀 ▷) >>= 𝑁 △⇝ 𝑁 𝑀 ◁

(𝜂 𝑀) ◁ △⇝ 𝑀 ▷
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In figure 6.2 the interactions are annotated with the respective rewrite rules△⇝ of Λmon.

↓

>>=
⇝ >>=∗

↑
>>=∗

↓

⇝

↑

𝛼

(𝑀 >>= 𝑁) ◁ △⇝ (𝑀 ◁) >>= 𝑁 (𝑀 ▷) >>= 𝑁 △⇝ 𝑁 𝑀 ◁

↓

𝜂
⇝

↑

(𝜂 𝑀) ◁ △⇝ 𝑀 ▷
Figure 6.2 Interactions of Σpmon, resembling the △⇝ reduction of Λmon.

6.5 Translations
The monadic extension of Lsim corresponds exactly to Λmon which can then be
translated to Σpmon.

Definition 6.6 (Translation Lmon → Λmon). We extend the translation Lsim →
Λeff from definition 4.2 to the additional terms on both sides:

⟦do 𝑀⟧ = ⟦𝑀⟧
⟦𝑥 ← 𝑀 ; 𝑁⟧ = ⟦𝑀⟧ >>= 𝜆𝑥.⟦𝑁⟧
⟦return 𝑀⟧ = 𝜂 ⟦𝑀⟧

As described in definition 5.2, the outermost term 𝑀 of a program is applied to
the token 𝑀 ◁ in order to trigger the token-passing semantics.

Definition 6.7 (Translation Λmon → Σpmon). We extend definition 5.2 to the
additional term kinds of Λmon:

⟦𝑀 >>= 𝑁⟧p = {p == >>=(m, n)} ∪ ⟦𝑀⟧m ∪ ⟦𝑁⟧n
⟦𝜂 𝑀⟧p = {p == 𝜂(m)} ∪ ⟦𝑀⟧m
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Example 6.8 (Example monad translation). We continue listing 9 by translat-
ing it to Λmon and Σpmon. We have resolved the asynchronous actions in the
interaction net for better readability.

let staticTwo = do (
return (2 !)

);

do (
a ← readInt ⟨⟩;
b ← staticTwo;
res ← add a b;
writeInt res

)

(𝜆staticTwo.
((readInt1∅ (unit0[⟨⟩] ◁)) >>= 𝜆𝑎.

(staticTwo >>= 𝜆𝑏.
((add2∅ 𝑎 𝑏) >>= 𝜆res.

writeInt1∅ res))))
(𝜂 (two0[⟨⟩] ◁))

↑

𝜄
𝜂

𝛼

2

𝜆

>>=

𝛼
⟨⟩

read

𝜆

>>=

𝜆

>>=

𝛼

𝛼

add

𝜆

𝛼

write

The reduction is left as an exercise to the reader.

6.6 Recursion
The monadic style permits recursion via side effects as defined in section 3.6 and
section 4.3. Recursive calls are encoded in actions producing the term resem-
bling the original term. If we use a recursive call to a monadic term, it will then
have to be executed twice.
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Example 6.9 (REPL in Lmon). repl defines a recursive program that continu-
ously prompts the user for two numbers and prints their sum.

let repl = do (
_ ← print ("Enter two numbers!" !);
x ← readInt ⟨⟩;
y ← readInt ⟨⟩;
_ ← writeInt (add x y !);
r ← repl;
r

);
repl

Note how the term expansion of repl first gets loaded into r monadically which
is then executed again to repeat the loop.

6.7 Evaluation
We continue the evaluation of Lsim and Σpeff in section 5.7 by running equiva-
lent programs in Lmon and Σpmon. In contrast to the previous benchmarks, the
use of asynchronous actions is no longer required. The monadic token-passing
semantics therefore eliminates the need for the assumption that certain actions
are able to be executed asynchronously. It further enables more natural imple-
mentations, as the actions do not have to depend on the results of previous
actions. The token-passing allows for non-tail variants that we implement for
the factorial function.

We evaluate the programs provided in bench/monad/. Of course, the require-
ment for sequentializing arithmetic does not always exist, and should be seen as a
deliberate construction of monadic binds. By using more asynchronous actions,
the results will more and more converge to the results in section 5.7.

In table 6.1, we count the token-passing interactions with the monadic bind
and monadic unit agents as “Token”. The execution of forks and actions as
well as their intermediate interactions are counted as “Effectful”.

79



Rules Previous

Inter. Iter. Ratio Dup. Ann. Era. Tok. Eff. Inter.

fac10_tail 371 228 1.627 30 102 49 77 113 284
fac10 349 225 1.551 20 92 48 77 112 -
fac20_tail 731 458 1.596 60 202 89 157 223 554
fac20 689 455 1.515 40 182 88 157 222 -
fib10_tail 400 242 1.653 33 123 55 85 104 304
fib20_tail 750 462 1.623 63 233 95 165 194 564
collatz24 673 366 1.839 44 187 123 129 190 541
collatz25 1445 820 1.762 96 408 238 295 408 1152

Table 6.1 The interaction counts and iterations required to reduce the programs in
bench/monad/ to their normal form in Σpmon. The previous results from table 5.1 are
provided in the right column for comparison.

Comparing table 6.1 with section 5.7 provides initial insights into the over-
head that sequentialization via the monadic token-passing semantics adds to re-
duction. Specifically, any asynchronous action is now executed synchronously,
while linearly dependent actions are now sequentialized via token-passing. Still,
the average available parallelism per iteration is larger than one.

We also see how the non-tail implementation of the factorial function mea-
sures roughly the same as its tail-recursive variant. The practical difference in
tail and non-tail lies in whether the token applies the mul function after each
time it returns from the recursive call, or if it evaluates the mul as an argument
to the recursive call. In the first case, the mul agents are therefore kept until the
token returned from the final recursive call.

In figure 6.3, we compare the available parallelism without token-passing
semantics to the sequentialized version in the monadic style on the basis of
fac10_tail.
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Figure 6.3 Available parallelism per iteration during the reduction of fac10_tail in
the monadic style vs. no token-passing.

As expected, synchronous execution requires more iterations and inter-
actions than asynchronous execution, which is visible in figure 6.3. As the
monadic token-passing semantics does not influence 𝛽-reduction or memory
management, the available parallelism per iteration remains, albeit with an
additional token-passing overhead.

6.8 Discussion
The monadic style creates an elegant separation of effectful and pure terms. We
have proven the monadic token-passing semantics to be correct, thus always
behaving the same irrelevant of the order in which it is reduced. As every acitve
pair of agents still matches at most one well-defined interaction rule, the laws of
interaction nets are preserved, thus leading to the following proposition:

Proposition 6.2 (Strong Confluence of , Continuation of corollary 5.5). Assum-
ing all asynchronously executed actors to be orthogonal, the reduction relation
of Σpmon ⧵ {∨} satisfies the diamond property modulo time.

As for corollary 3.7, modulo time only refers to the precise time of execution,
as there can still exist multiple reduction paths where actors are executed at
different points in time in practice. Importantly, this difference in execution does
not affect the sequentiality requirement, as it is guaranteed by the token-passing
semantics.

Our token-based embedding of the monadic style is based around the idea
that the token itself represents the Real World implicitly, thus relating to ex-

81



isting methods of sequentializing side effects such as Haskell’s IO Monad. As
per the monad laws, the token can never enter abstractions or applications,
therefore never leaving the monadic construct nor interfering with other reduc-
tions. In preliminary results we have found this to translate to practical pro-
grams: Interactions such as 𝛽-reduction remain parallelizable, with the average
interactions per iteration staying above 1.5 for all of our tests.

The monadic style forms an elegant extension upon the system of no token-
passing semantics, while retaining its properties such as availability for paral-
lelism. This comeswith the cost of syntactic constructs surrounding any effectful
term supposed to be executed in a sequence.
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Chapter 7

Direct Style

We have shown that the monadic approach to sequentializing effects adds syn-
tactic complexity in such a way that any code path able to potentially cause side
effects will have to be wrapped in a monad via the do-syntax.

In order to preserve the sequentiality previously encoded in the monad, the
direct style requires the execution order to be encoded in the token-passing se-
mantics, i. e. in the translation to custom agents of interaction nets.

In the first section we define the direct style and show existing implementa-
tions. We then describe a syntactic extension to Lsim allowing such direct style
to be used. In section 7.3, we present an approach similar to Clean and Vine as
introduced in chapter 2, where the Real World is passed as an explicit object.
In the rest of this chapter we then interpret the world-state passing from the per-
spective of a token-passing semantics. Finally, we come to the conclusion that
the way nets are required to be extended in order to support such direct-style
token-passing semantics is indeed almost equivalent to monadic agents.

7.1 Introduction
Imperative programming languages traditionally allow writing effectful func-
tions in a direct and sequential way. Take as example the Python programming
language in listing 10. The effectful terms are executed from top to bottom and
from left to right1.

1https://docs.python.org/3/reference/expressions.html#evaluation-order,
07/13/2025

83

https://docs.python.org/3/reference/expressions.html#evaluation-order


Listing 10 A direct-style program in Python calculating the factorial of a given
positive integer while printing the multiplier in each iteration.

print("Enter your number!")
x = int(input())

def fac(n):
print(n)
return 1 if n == 0 else n * fac(n - 1)

print(fac(x))

The direct style is more intuitive when a program uses many side effects and
a strict syntactic separation between the pure and impure code is not desired.
This makes it appropriate for imperative programming languages such as C or
Python.

On the other hand, functional programming languages tend to prohibit such
blending of pure and impure code. We have seen in chapter 6 how a monadic
style can be used to accomplish this separation. Yet, supporting side effects in
functional programming languages is not unheard of: Among others, OCaml, F#,
and Scala all support direct-style execution of side effects while still providing
the general purity of functional programming.

The key to supporting sequential execution in functional paradigms is to re-
strict the evaluation to a certain reduction strategy which reflects the desired
execution order. For example, OCaml uses a strict Call-by-Value reduction or-
der, typically right-to-left, which causes effectful terms to be executed in this
order as well [35, p. 167].

In the inherently unordered model of interaction nets, forcing a reduction
order is not appropriate: Although the actors would then get executed in a spe-
cific order, it would also cause memory management, partial application, and
𝛽-reduction to be sequentialized needlessly. Instead, the execution order is spec-
ified in the token-passing semantics such that it interferes with reduction as little
as possible.

7.2 Language Extension
Definition 7.1 (Terms ofLdir). We extend the languageLsim from definition 4.1.
Taking inspiration from OCaml [35], Ldir allows writing standalone expressions.
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The terms of the direct language Ldir are:

𝑡 =∷ ⋯ Terms of Lsim

∣ 𝑡; 𝑡 Sequence

A sequence does in fact represent only a syntactic sugar on let _ = t; t,
where “_” ignores the result. The symbol “_” is special in that it can never be
bound by a symbol.

The syntax of Ldir allows writing programs in an imperative style, where the
program is evaluated from top to bottom and right to left. Since standalone terms
can contain actions, termsmay depend on the reduction of previous terms, even
though they are not bound to them by variable. In a fully implicit approach
to sequentialization of actions, programs do not require additional syntactic
constructs.

We translate listing 10 to Ldir in listing 11.

Listing 11 A factorial program for positive integers in Ldir. We assume the
definitions of token-reflecting print, readInt, writeInt, isEqual, mul, and pred.

print "Enter your number!";
let x = readInt ⟨⟩;

let fac n = (
writeInt n;
if (isEqual 0 n) then 1
else mul n (fac (pred n))

);

writeInt (fac x)

Note how, finally, there is no need to handle data such as strings or numbers
differently than pure terms. Without token-passing semantics, strings have to be
loaded synchronously, as in listing 4. In the monadic style, they require embed-
ding in the monadic construct, as in listing 9. Here, impure data can be written
anywhere. Yet, the order in which it is received from the Real World is strict.

7.3 World-State Passing
In an initial step towards the desired semantics, we introduce the world-state
passing style.

Actions in world-state passing receive the current state of the Real World
as an additional argument. An action will produce the new state of the Real
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World alongside its pure result whenever it is executed. When threaded through
all the actions in a program, such that the object that encodes the RealWorld is
never duplicated or erased, a program will consume an initial state of the world
and produce the new state of the world after the program was executed.

Whether or not the object that is being passed along actually encodes data, or
exists purely for sequentialization, depends on the specific implementation and
requirements. We have discussed this phenomenon for monads in section 6.1,
which requires a bind to pass the Real World. The general approach to world-
state passing is based on the concept of environment passing from the Clean pro-
gramming language [22]. Further details are described in section 2.4, whereas the
concept of world-state passing is also discussed for Ivy and Vine in section 2.2.

The explicit world-passing style diverges from the proposed direct-style se-
mantics in that it requires threading various versions of the RealWorld linearly
through the program.

Definition 7.2 (Terms of the Language L⊕). We extend Ldir from definition 7.1
with explicit world-state passing. The terms of the language L⊕ are:

𝑡 =∷ ⋯ Terms of Ldir

∣ ⊕(𝑖) Real World

∣ (⊕(𝑖), 𝑡) Paired World

∣ let (⊕(𝑖), 𝑛) 𝑛∗ = 𝑡; 𝑡 Let with World

This threading of the Real World then constructs linear dependencies of
terms as inLsim, only that actions now also depend on the execution of actions
even if they do not depend on the produced terms themself.
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Listing 12 The factorial program of listing 11 in L⊕. Every synchronous action
receives an additional argument for the RealWorld as well as produces a poten-
tially modified version of the RealWorld. For readability, we denote the nested
use of ⊕ with ⊗.

let go ⊕ = (
let (⊕′, _) = print "Enter your number!" ⊕;
let (⊕″, x) = readInt ⟨⟩ ⊕′;

let fac n ⊗ = (
let (⊗′, _) = writeInt n ⊗;
if (equal? n 0) then (⊗′, 1)
else (

let (⊗″, prev) = fac (pred n) ⊗′;
(⊗″, mul n prev)

)
);

let (⊕‴, res) = (fac x ⊕″);
print res ⊕‴

);
go

Explicit world-state passing may then be translated to interaction nets by
giving actors an additional port for passing along the updated version of the
Real World. Further, by instead using reference agents to track the updates of
the Real World as in Vine, the frontend syntax will not require tracking the
versions of the Real World produced by actions.

7.4 Token Passing
The application of the Real World in section 7.3 reminds of the token applied
to actions. Indeed, the produced modified version of the Real World can be
seen as the reflection of a cotoken.

We explore this implicit approach to world-state passing in a token-passing
semantics for Λeff and Σpeff.

7.4.1 Semantics
The token-passing semantics of Ldir can be described directly via Λeff, since it
does not contain additional syntactic constructs.

At this stage of translation from Lsim to Λeff, tokens may appear anywhere
in a term. By the force operator “!” in Lsim, the token may either be in asyn-
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chronous actions, as described in section 3.4, is stuck by invalid use of the token,
or is used to trigger the token-passing and execute the actions in a term.

Specifically, we take inspiration from the reduction order of common pro-
gramming languages such as OCaml [35, p. 167], and execute actions in an
order that resembles the Call-by-Value reduction strategy.

In order to argue about the execution order of actions, we introduce the
concept of the action potential. Action potential implies that a term may cause
side effects to happen. We use as notation an underline as used by Levy [29] to
denote computation types. In our case, however, arbitrary terms may gain or lose
action potential based on interactions with tokens.

Definition 7.3 (Action Potential). When a term𝑀 has action potential, we write
𝑀 . By default, every term has action potential. Terms only lose their action
potential by respective rewrite rules. We omit marking the children’s or parent’s
action potential explicitly when it does not influence the reduction behavior.

The 𝛽-reduction rule as well as the 𝜉 -reduction rules defined in section 3.2
only apply to terms without any action potential. This prevents reduction rules
interfering with the rules of the token-passing semantics. Otherwise, reductions
could for example duplicate or erase the token.

The execution strategy of Λeff provides the reductions which yield a term
without action potential. The token reflects from terms unable to cause imme-
diate effects and removes their action potential while executing the actions in
a specific order. Since we mirror the execution of the Call-by-Value evaluation
strategy, we translate its behavior to corresponding token-passing rules. We take
as inspiration the token-passing semantics by Sinot [32]. Instead of their directed
reduction relation ⇓ and left-to-right reduction order, we use the language’s ex-
plicit token and a right-to-left execution order.

Definition 7.4 (Token-Passing Semantics ofΛeff). The direct style token-passing
of Λeff is described by the following rewrite rules:

𝑀 𝑁 ◁ △⇝ 𝑀 (𝑁 ◁)
𝑀 (𝑁 ▷) △⇝ 𝑀 ◁ 𝑁
𝑀 ▷ 𝑁 △⇝ 𝑀 𝑁 ◁

(𝜆𝑥.𝑀) ◁ △⇝ (𝜆𝑥.𝑀) ▷
𝜉 𝑖C ◁ △⇝ 𝜉 𝑖C ▷, 𝑖 > 0
⟨…⟩ ◁ △⇝ ⟨…⟩ ▷
𝑥 ◁ △⇝ 𝑥 ▷

As a more high-level interpretation it can be observed that when an appli-
cation is to be executed (indicated by a token), the argument 𝑁 is executed
next. After this execution is done (indicated by a cotoken), the term 𝑀 itself
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is executed. Finally, when this execution is done as well, the application may
finally be reduced as normal, with the resulting term being executed next.

By a term being executed, any terms within this term are executed recur-
sively in this order as well. The only rule preventing endless recursion are the
reflection rules which make the execution end without recursing deeper. Specif-
ically, the reflection from abstractions implies that we never execute actions
within an abstraction, but only when it was applied to an already executed
term. This behavior is to be expected in traditional, weakly evaluated program-
ming languages.

Since the translation ofLsim defined in section 4.2 translates let expressions
to applications, multiple let expressions will be executed from top to bottom,
as the applications are executed from right to left.

The recursive entering and returning of the token and cotoken can be seen
in the following example.

Example 7.5. We continue example 3.4. The obvious overhead of our token-
passing semantics is discussed in section 7.4.3.

writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ⟨“example.txt”⟩) ◁
△⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ⟨“example.txt”⟩ ◁)
△⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ (⟨“example.txt”⟩ ◁))
△⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ (⟨“example.txt”⟩ ▷))
△⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ◁ ⟨“example.txt”⟩)
𝜉 writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ▷ ⟨“example.txt”⟩)
△⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ⟨“example.txt”⟩ ◁)
𝜉⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile0[⟨“example.txt”⟩] ◁)
𝜉 writeFile2∅ ⟨“example.txt”⟩ (⟨“hello, world”⟩ ▷)
△⇝ writeFile2∅ ⟨“example.txt”⟩ ◁ ⟨“hello, world”⟩
△⇝ writeFile2∅ (⟨“example.txt”⟩ ◁) ⟨“hello, world”⟩
△⇝ writeFile2∅ (⟨“example.txt”⟩ ▷) ⟨“hello, world”⟩
△⇝ writeFile2∅ ◁ ⟨“example.txt”⟩ ⟨“hello, world”⟩
𝜉 writeFile2∅ ▷ ⟨“example.txt”⟩ ⟨“hello, world”⟩
△⇝ writeFile2∅ ⟨“example.txt”⟩ ◁ ⟨“hello, world”⟩
𝜉⇝ writeFile1[⟨“example.txt”⟩] ◁ ⟨“hello, world”⟩
𝜉 writeFile1[⟨“example.txt”⟩] ▷ ⟨“hello, world”⟩
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△⇝ writeFile1[⟨“example.txt”⟩] ⟨“hello, world”⟩ ◁
𝜉⇝ writeFile0[⟨“example.txt”⟩,⟨“hello, world”⟩] ◁
𝜉 ⟨⟩ ▷

Note how the reflecting actions produce terms without action potential. If the
resulting terms contained immediate actions, the implementation would be re-
sponsible for bouncing the token.

By only allowing 𝛽-reductions on executed terms, only as many 𝛽-reductions
can happen in parallel as there are tokens in a term. We improve upon this
limitation in section 7.4.4.

We derive the following based on the results of Sinot [32] and the described
semantics of Λeff:

Proposition 7.1 (Return of the Token). Assuming that all actions reflect a token
after execution, a token-free term𝑀 ∈ Λeff⧵{◁, ▷} applied to a token always either
diverges, or reduces to a term applied to a cotoken:

𝑀 ↓ 𝑀′ ⟺ 𝑀 ◁ 𝛽𝜉ψ△𝑀′ ▷

7.4.2 Redirector Agents
The presented token-passing semantics via decreasing action potential adds a
token traversal so general it can not be embedded into Σpeff as defined. This
is because in order for an agent to redirect a token to one of its ports, it has to
interact with it first. Such interaction must happen at an auxiliary port for appli-
cators, as this is the port where an application is connected to its surrounding
term.

Once a cotoken returns from the port where a token has been redirected
to, it must in turn interact with this returning agent. Therefore, the applicator
has to be rotatable such that it may interact with any of its ports.

This rotation has been described by Sinot [32] in a similarly token-based ap-
proach, encoding certain sequential reduction strategies into the net. Their ap-
proach linearizes the entire reduction, while we aim to embed the sequential
execution without blocking pure reductions.

Similar rotations have been discussed in the work on hard combinators [46],
which describe a variant of interaction nets invariant in their geometry. There,
rotating combinators are described as clocks where the principal port is itera-
tively moved around the agent.

90



We call the rotating applicator the redirector. Where the token-passing ex-
ecution strategy in Λeff is encoded using applications and action potentials as
described in definition 7.4, it is now encoded in interactions with redirectors.

Definition 7.6 (Agents of Σpdir). The system of Σpdir extends Σpeff from defini-
tion 5.1 by polarizing the applicator as two additional redirector agents:

Σpdir = Σpeff ∪ {𝛼𝐿, 𝛼𝑅},

where 𝛼𝐿 ≡ 𝜁∘(ret⊕,M⊖)⊖ and 𝛼𝑅 ≡ 𝜁∘(M⊖,N⊖)⊕.

𝛼

⊖N

⊖M

⊕ ret

𝛼𝐿

⊕ret

⊖ N

⊖M

𝛼𝑅

⊖M

⊕ ret

⊖ N

Applicator (Top) Redirector (Left) Redirector (Right)

Figure 7.1 The polarized redirector agents of Σpdir.

In the translation from Λeff to Σpeff, the tokens will be applied to the right
auxiliary port of the top applicator. In order to trigger the token-passing se-
mantics, all applicators will have to be rotated to right redirectors, such that
they interact with the token.

Definition 7.7 (Translation Λeff → Σpdir). We extend the translation from def-
inition 5.2 by overwriting the translation of applications provided in defini-
tion 1.12, such that it incorporates the rotation required for the direct-style token-
passing semantics.

⟦𝑀 𝑁⟧p = {p == 𝛼𝑅(m, n)} ∪ ⟦𝑀⟧m ∪ ⟦𝑁⟧n
Example 7.8. As in example 5.3, we translate 𝑀 = write1∅ (mult2∅ ⟨21⟩ ⟨2⟩) to
Σpdir. This time, no tokens aside from the initiating token are required.
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The token-passing semantics for Λeff can then be translated to Σpdir so that
the redirection of the token agent happens in accordance with the token term
entering and leaving applications. In the following extension of the rules of
Σpeff from definition 5.4, the redirection rules mirror the exact behavior of the
described direct token-passing semantics:

𝛼𝑅[x, ◁(𝛼𝐿(y, x))] ⋈ ◁[y]
𝛼𝐿[x, ◁(𝛼(y, x))] ⋈ ▷[y]

𝛼[x, y] ⋈ ▷[𝛼(x, ◁(y))]
𝜆[x, y] ⋈ ◁[▷(𝜆(x, y))]

𝜉 𝑖C ⋈ ◁[▷(𝜉 𝑖C)], 𝑖 > 0
𝜋 ⋈ ◁[▷(𝜋)]

𝑀 𝑁 ◁ △⇝ 𝑀 (𝑁 ◁)
𝑀 (𝑁 ▷) △⇝ 𝑀 ◁ 𝑁
𝑀 ▷ 𝑁 △⇝ 𝑀 𝑁 ◁

(𝜆𝑥.𝑀) ◁ △⇝ (𝜆𝑥.𝑀) ▷
𝜉 𝑖C ◁ △⇝ 𝜉 𝑖C ▷, 𝑖 > 0

⟨…⟩ ◁ △⇝ ⟨…⟩ ▷
𝑥 ◁ △⇝ 𝑥 ▷

In figure 7.2 the interactions are annotated with the respective rewrite rules△⇝ of Λeff.
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𝛼𝑅

↑

⇝ 𝛼𝐿
↑

𝛼𝐿
↓

⇝
↑

𝛼

𝑀 𝑁 ◁ △⇝ 𝑀 (𝑁 ◁) 𝑀 (𝑁 ▷) △⇝ 𝑀 ◁ 𝑁

↓

𝛼
⇝ 𝛼

↑

↓

𝜆
⇝

↑

𝜆

𝑀 ▷ 𝑁 △⇝ 𝑀 𝑁 ◁ (𝜆𝑥.𝑀) ◁ △⇝ (𝜆𝑥.𝑀) ▷
Figure 7.2 Interactions of the redirector agents, annotated with the respective token-
passing rules of definition 7.4. Further reflections other than abstractors are omitted.

The mentioned restriction of redexes only 𝛽-reducing when the application
has a token emerges naturally from the use of redirectors: 𝛽-reduction re-
quires interaction with the top applicator, which always sends a token after
rotation from the left redirector. An interaction with an abstractor can then
only occur when it reflected a cotoken, as seen in figure 7.3.
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𝛼𝐿

↓

⇝
↑

𝛼

𝜆

↓

𝛼

⇝

𝜆

𝛼

↑

⇝

↑

𝑀 (𝑁 ▷) △⇝ 𝑀 ◁ 𝑁 (𝜆𝑥.𝑀′) ▷ 𝑁 △⇝(𝜆𝑥.𝑀′) 𝑁 ◁ 𝛽⇝𝑀′{𝑥 ↦ 𝑁} ◁
Figure 7.3 𝛽-reduction under token-passing where a 𝑀 𝜆𝑥.𝑀 ′. Annotated with
the respective token-passing rules of definition 7.4.

7.4.3 Token-Passing Overhead
Without further information, the token must interact with every term once in
order to determine their action potential and potentially execute the actions
within. Actions without enough arguments cause reflections, which require ad-
ditional interactions with the token equivalent to its arity. Terms produced by
the execution of actions also have to be interacted with at least once.

In general, this overhead can be reduced by acquiringmore information about
terms. In our simple model we assume that every term has action potential; in
reality, this assumption can be improved by inferring a term’s action potential
based on the action potential of its sub-terms. This problem is in fact closely
related to the work on effect systems [34] which provide a type-based under-
standing of effects in programs. Aside from types, the syntax of a user-facing
language could be extended with syntactic constructs marking certain terms as
pure or effectful in order to determine the action potential of terms in Λeff.

Effectively, such information in Λeff translates to Σpdir by rotating certain
redirectors before the token has reached them. We provide a minimal proof
of concept in the following section, which essentially infers the action potential
of terms at runtime.

7.4.4 Inference of Action Potential
In the inference procedure, every redirector is by default rotated to the left 𝛼𝐿
instead of the right 𝛼𝑅. Tokens thus cannot pass, as the left redirector has its
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negative principal port connected to the argument of the application.

Example 7.9. As in example 7.8, we translate 𝑀 = write1∅ (mult2∅ ⟨21⟩ ⟨2⟩) to
Σpdir. This time, the redirectors are rotated to the left.

𝛼𝑅

write

↓

𝜄

𝛼𝑅

𝛼𝑅

mult

2

21

⇒
𝛼𝐿

write

↓

𝜄

𝛼𝐿

𝛼𝐿

mult

2

21

It is clear from example 7.9 that additional interaction rules with non-
effectful agents are required. We define these generically for agents depending
on whether they have immediate action potential or not.

Definition 7.10 (Immediate Action Potential). The right redirector, forks,
and actors with arity 0 have immediate action potential:

Σim = {𝛼𝑅, ∧, ∨, 𝜉 0C }
Any other agent aside from agents responsible for memory management or exe-
cution do not have immediate action potential:

Σ!im = Σpeff ⧵ Σim ⧵ {𝛿, 𝜎 , 𝜀, 𝜈 , ◁, ▷}
The right redirector agent 𝛼𝑅 is used to (1) track the inferred action poten-

tial, and (2) pave the path for the token-passing semantics, as a token can only
pass through 𝛼𝑅. This works only because 𝛼𝑅 can by construction not occur in a
net translated by Λeff.

The inference aims to spread immediate action potential such that its sur-
rounding redirectors are also considered to have action potential. If an agent
does not have immediate action potential, its surrounding redirectors should
turn into applicators such that they can interact immediately without requiring
a token.
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From the perspective of Λeff, we can activate the inference rules by assuming
that a cotoken has returned from either a term with or without action potential.
Then, the resulting term should reflect the next or previous state of the token-
passing rule such that all action potential will eventually be eliminated. We can
derive the following inference rules by introducing the rewrite rule ▽⇝:

• 𝑀 (𝑁 ) ▽⇝ 𝑀 𝑁 , as in definition 7.4.

• 𝑀 (𝑁 ) ▽⇝ 𝑀 𝑁 , in order to trigger 𝑀 (𝑁 ◁).
• 𝑀 𝑁 ▽⇝ 𝑀 𝑁 , as in definition 7.4.

• 𝑀 𝑁 ▽⇝ 𝑀 𝑁 , in order to trigger 𝑀 ( 𝑁 ◁) and then (𝑀 ◁) 𝑁 .

Here we write 𝑀 instead of𝑀 or𝑀 , as inference runs during reduction and the
terms might already be inferred as not having action potential.

In interaction nets, these tokens will not be passed explicitly. Instead, the
inferred rotation of redirectors depends on whether the connected agents are
in Σim or Σ!im, thus resembling an implicitly returned cotoken.

We derive the following interaction rules for 𝑒 ∈ Σim and 𝑢 ∈ Σ!im:

𝛼𝐿[x, 𝛼(𝑢(y1, … , y𝑚), x)] ⋈ 𝑒[y1, … , y𝑛]
𝛼𝐿[𝛼𝑅(x, 𝑒(y1, … , y𝑛))] ⋈ 𝑢[y1, … , y𝑚]

𝛼[x, 𝛼𝑅(𝑒(y1, … , y𝑛), x)] ⋈ 𝑒[y1, … , y𝑛]

𝑀 (𝑁 ) ▽⇝ 𝑀 𝑁
𝑀 (𝑁 ) ▽⇝ 𝑀 𝑁
𝑀 𝑁 ▽⇝ 𝑀 𝑁
𝑀 𝑁 ▽⇝ 𝑀 𝑁

In figure 7.4 the interactions are annotated with the implicit (co-)tokens and
the respective inference rules ▽⇝ ofΛeff. The resulting tokens indicate where the
actual token-passing semantics will traverse.
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𝑢

𝛼
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𝑒
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𝑒
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↑
𝑀 𝑁 ▽⇝ 𝑀 𝑁 𝑀 𝑁 ▽⇝ 𝑀 𝑁

Figure 7.4 Runtime inference of Σpdir, annotated with the inference rules of Λeff.

Using the presented interactions, reductions can happen in parallel to execu-
tion and token-passing. Any agent in Σ!im spreads its purity during reduction
such that partial application, memory management, and 𝛽-reduction may hap-
pen before a token has reached them.

Example 7.11. Coming back to example 7.5, the reduction may now be de-
scribed as:

writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ⟨“example.txt”⟩) ◁
▽⇝⇝ writeFile2∅ ⟨“example.txt”⟩ (readFile1∅ ⟨“example.txt”⟩) ◁
𝜉⇝⇝ writeFile1[⟨“example.txt”⟩] readFile

0
[⟨“example.txt”⟩] ◁

▽⇝ writeFile1[⟨“example.txt”⟩] readFile
0
[⟨“example.txt”⟩] ◁

▽⇝ writeFile1[⟨“example.txt”⟩] (readFile0[⟨“example.txt”⟩] ◁)
𝜉 writeFile1[⟨“example.txt”⟩] (⟨“hello, world”⟩ ▷)
▽⇝ writeFile1[⟨“example.txt”⟩] ⟨“hello, world”⟩ ◁
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𝜉⇝ writeFile0[⟨“example.txt”⟩,⟨“hello, world”⟩] ◁
𝜉 ⟨⟩ ▷

7.4.5 Recursion
Recursion in the direct-style semantics works similar to the monadic style (sec-
tion 6.6). However, here the explicit “loading” of the recursive call is not required.
Instead, the token executes the function an argument is applied to first before
applying the argument, thus performing this loading implicitly. Consequently,
any recursive call requires an argument (say, a unit) in order to execute the call
twice.

Another key difference is the way closures are to be constructed. As de-
scribed in section 4.3, the closure consists of applications of the terms a defini-
tion closes over. As such, any argument—even ones not bound in the body—will
be executed by the presented token-passing semantics. This includes top-level
definitions such as let x = readInt <>, which would get executed in every iter-
ation of the recursion.

A simple solution for closing over such terms is the additional abstraction
(thunking) of any definition without arguments. This way, their effects can be
repeated by applying arbitrary values without them being caused by the Call-by-
Value semantics. More reasonably however, definitions that are expected to run
only once should be handled separately in more sophisticated transformations,
which are beyond the scope of this thesis.

Another approach would be to use an explicit recursor agent which would
eliminate the need for closures to be constructed. The token-based agent respon-
sible for recursion presented in the work of Almeida; Pinto; Vilaça [47] would be
an appropriate choice.

7.4.6 Redirectors Generalize Monads
The monadic style has strong similarities to the presented direct style. Multi-
ple effectful terms can be chained together using a sequence, which in a way
corresponds to the do-syntax. However, the direct style also supports inlining
effectful terms as they are executed in a Call-by-Value fashion from right to left.
This difference is shown by example in figure 7.5.
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let repl = do (
s ← "Enter two numbers!";
_ ← print s;
x ← readInt ⟨⟩;
y ← readInt ⟨⟩;
s ← add x y;
_ ← writeInt s;
r ← repl;
r

);
repl

let repl _ = (
print "Enter two numbers!";
x = readInt ⟨⟩;
y = readInt ⟨⟩;
writeInt (add x y);
repl <>

);
repl <>

Figure 7.5 REPL inmonadic style from example 6.9 vs. direct style. The asynchronous
actions are made synchronous to match the direct style.

In the monadic style, the execution of actions can be deferred by wrapping
it inside a unit such that it has to be executed twice in order to be effectful.
Abstractions can be used similarly in the direct style: By arguing with a token-
passing semantics based on action potential, abstracted terms will also require
two executions (and an arbitrary application) in order to be effectful.

The agents of Σpdir and Σpmon have further similarities: The monadic bind
has an executive state which sends a token and interacts with the returning
cotoken by turning into an applicator. In comparison, the left redirector
also sends a token, and as well rotates further into an applicator once the
cotoken returns.

Both monadic and direct styles have a third agent which is only used to inter-
act with the initiating token of the token-passing semantics: The non-executive
monadic bind in the monadic style, and the right redirector in the direct
style.

Indeed, the direct style emerges merely from a substitution of the monadic
bind into every right redirector (or applicator), where the monadic unit is
then implicit in reflecting agents. The inference interactions in turn gain back
the potential for reduction lost during the substitution of top applicators.

We can see in figure 7.6 how the only interaction not existing in the monadic
style is the traversal of the token into the continuation of the bind—i. e. the left
side of an application. This interaction does not make sense in the monadic
style, as the continuation must always start with an abstractor and the token
would not interact with abstractors—nor applicators for that matter.
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Figure 7.6 Symmetry of monadic agents and redirectors. For visual purposes, the
auxiliary ports of the monadic bind are swapped. In both styles, the terms 𝑀,𝑁 are
connected to the bottom left and right auxiliary ports, respectively.

7.5 Evaluation
We continue the evaluations of section 6.7 and section 5.7.

7.5.1 Comparison
We compare the inferred and non-inferred direct style semantics to the monadic
style. In table 7.1, we compare the direct style semantics to the results of sec-
tion 6.7 by evaluating the equivalent programs in the provided bench/direct/
directory.

Similar to section 6.7, we count token-passing steps such as rotating redirec-
tors as “Token” interactions. This also includes inference interactions if there
are any.
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Rules Monad

Inter. Iter. Ratio Dup. Ann. Era. Tok. Eff. Inter.

No Inference
fac10_tail 723 644 1.123 30 61 40 458 134 371
fac20_tail 1443 1294 1.115 60 121 70 918 274 731
fib10_tail 863 775 1.114 33 78 45 559 148 400
fib20_tail 1643 1485 1.106 63 148 75 1069 288 750
collatz24 1400 1183 1.183 44 109 151 842 254 673
collatz25 3102 2661 1.166 96 239 297 1889 581 1445

Inference
fac10_tail 571 364 1.569 30 61 34 306 140 371
fac20_tail 1131 724 1.562 60 121 64 606 280 731
fib10_tail 693 408 1.699 33 78 39 409 134 400
fib20_tail 1313 778 1.688 63 148 69 779 254 750
collatz24 1095 684 1.601 44 109 95 597 250 673
collatz25 2394 1538 1.557 96 239 189 1319 551 1445

Table 7.1 The interaction counts and iterations required to reduce the programs in
bench/direct/ to their normal form in Σpdir. The previous results for the monadic style
from table 6.1 are provided in the right column for comparison.

As clear from table 7.1, the direct style with inference still requires more in-
teractions than the monadic style, thus extending the hypothesis of section 7.4.6
to practical observations: Inferring the direct style aims to match the parallelism
and semantics of the monadic style, but requires an interaction overhead during
the runtime inference in order to reach this goal.

Without inference, the direct style has barely any available parallelism per
iteration while at the same time requiring around twice as many interactions as
the monadic style. This is to be expected, as the right rotations of the redirec-
tors linearize the entire reduction path. Therefore, the only parallel interactions
are execution, partial application, and garbage collection, but never 𝛽-reduction.

We visualize this relation of interaction and iteration counts in figure 7.7.
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Figure 7.7 Comparison of the monadic style and the inferred and non-inferred direct
style using the example of collatz25.

7.5.2 Join
As described in section 4.4, the conjunctive fork works best with token-
passing semantics allowing the token to enter applications. We evaluate its
performance only in the direct style.

We compare two implementations of 𝑓 (𝑛, 𝑘) = ∑𝑛
𝑖=0 𝑖𝑘 : An iterative version

and a parallel one. The first one calculates the sum iteratively using a loop in
a literal translation of 𝑓 . The second one uses a disjunctive fork via a divide-
and-conquer algorithm.

Both implementations in table 7.2 use pre-reduced recursion and are runwith
inference enabled.

Rules

Inter. Iter. Ratio Dup. Ann. Era. Tok. Eff.

Iterative 7680 4640 1.655 404 708 311 4341 1916
Parallel 28654 724 39.577 1891 2489 3594 15213 5467

Table 7.2 Comparison of reducing sum_of_powers100_2_iterative and
sum_of_powers100_2_parallel.

It can be seen in table 7.2 how the parallel implementation requires fewer
iterations, while in turn requiring more iterations. We visualize the potential for
parallelism per iteration in figure 7.8.
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Figure 7.8 Available parallelism per iteration during the reduction of
sum_of_powers100_2_parallel. The maximal parallel interactions of 470 occur
in iteration 606.

With an average interaction count of 39.577 per iteration, the program will
execute optimally with at least 40 parallel computing threads. Of course, this
number would increase with larger 𝑛, as the divide and conquer algorithm cre-
ates new threads exponentially. However, from the nature of interaction nets it
follows that the total interaction count will stay the same regardless, even if the
program was run with fewer threads. We conjecture these results on parallelism
to translate to any divide-and-conquer algorithm.

7.6 Discussion
The direct-style token-passing semantics extends Σpeff with agents and interac-
tion rules following the laws of interaction nets. As in the monadic style (propo-
sition 6.2), we can therefore derive a general notion of strong confluence:

Proposition 7.2 (Strong Confluence of , Continuation of corollary 5.5). Assum-
ing all asynchronously executed actors to be orthogonal, the reduction relation
of Σpdir ⧵ {∨} satisfies the diamond property modulo time.

The presented token-passing allows embedding an execution ordermirroring
the Call-by-Value strategy into a 𝜆-calculus without any strategy. The simplicity
of the presented semantics should allow for embeddings of arbitrary execution
strategies such as left-to-right Call-by-Value, Call-by-Name, or even strong ex-
ecution (i. e. executing within abstractions). Existing work on token-passing
semantics by Sinot [32, 38] describe potential ways of doing so.

103



By the Call-by-Value strategy we also achieve results on effectful optimality:
As any action of arity 0—even synchronous—is executed before substitution,
their resulting terms are also shared maximally. This goes contrary to, say, a
Call-by-Name strategy, where synchronous actions could be executed multiple
times if they were substituted into multiple symbols.

Our strategy of embedding this semantics uses the concept of action potential
with the aim of eliminating action potential in order to make existing reduction
rules applicable. This idea is related to CBPV as introduced in section 3.1, where
“forcing” a term corresponds to turning a term with action potential into a term
without any. “Thunking” a term then corresponds to wrapping a term in action
potential. Whereas this thunking would correspond more to the monadic unit,
any token-reflecting term can also be seen as being thunked.

The relation between the direct and monadic style has been further enforced
by the realization that, abstractly, the agents of both semantics interact the same
up to a single interaction.

In our preliminary results, the inference reduces the interactions while in-
creasing the available parallelism per iteration. With the arguably more elegant
syntax of the direct style, the presented language and translations form an appro-
priate target for parallel yet effectful languages based on interaction nets, while
at the same time preserving properties of optimality. Future work should in-
vestigate methods of further approaching the performance of the monadic-style
semantics.
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Chapter 8

Conclusion

In chapter 1, we described the pure 𝜆-calculus, the polarized interaction combi-
nators, and their relations. We went on to describe existing projects supporting
side effects in interaction nets, as well as projects with related goals (chapter 2).
Using both of these chapters as foundation, we then introduced an effectful exten-
sion of the 𝜆-calculus in chapter 3, while also defining its properties and limita-
tions. In chapter 4 we provided a simple language compiling back to the effectful
𝜆-calculus. In the rest of this thesis we looked at solutions to the presented prob-
lems by introducing effectful agents in chapter 5, the corresponding monadic-
style semantics (chapter 6), and finally the direct-style semantics (chapter 7). We
backed the work on interaction nets with the parallel development of equivalent
semantics for the 𝜆-calculus.

In this chapter, we summarize the chapters of this thesis, discuss potential
future work, and provide a final conclusion.

8.1 Summary
Optimal Effects In this chapter we presented the effectful 𝜆-calculus Λeff. We
presented a minimal extension without notions of reduction or execution or-
der, such that the translation to interaction nets follows trivially. We described
the problem of this minimalism using examples with side effects that influence
each other. On the other hand, we showed the benefits of not prescribing an
execution order using asynchronous actions, which may be used for actions
commuting with all other actions (“orthogonality”). As Λeff can interact with
the Real World, we have also introduced how recursion can be implemented
via side effects. Finally, we linked back to the core of this thesis—optimality.
In Λeff, tokens can be used to share orthogonal and idempotent actions. We
have sketched how forks may be used to construct a hierarchy on such actions,
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which stagger parallel execution iteratively. Importantly, we have argued how
parallelism in the context of optimality becomes more appropriate with the ad-
dition of side effects.

A Simple Language Using the introduced Λeff, we could now derive a fron-
tend language Lsim with support for definitions, branches, common data types,
and 𝑛ary forks. We used these features to introduce various applications in the
domain of distributed programming and foreign functions. Ultimately, we argue
that Lsim increases the value of all presented encodings, as it makes its underly-
ing theoretical results more obvious to programmers.

Effectful Agents To our knowledge, we presented the first formalization of
side effects and their interactions in the context of interaction nets. We also
used the work of Sinot [32] in a novel way by repurposing his tokens used for
reduction to cause side effects by executing actions. We described all features
introduced for Λeff for interaction nets, with the disjunctive fork requiring a
non-deterministic extension. We have further argued how forks could provide
a communication mechanism not directly implementable in the 𝜆-calculus but
via channels of the 𝜋-calculus. Finally, preliminary results on interaction counts
indicate no surprising overhead due to our approach of handling partial applica-
tion and execution via tokens.

Monadic Style The monadic style represents the first approach to the token-
passing semantics required for sequentializing side effects in Λeff and interaction
nets. In order to back the work on interaction nets up with formalizations in the
𝜆-calculus, we described the extended languages Lmon and Λmon. To our knowl-
edge, the use of tokens to describe the execution order of monads is novel. We
proved its correctness in the sense of fulfilling the monad laws. We concluded
the formalization by providing translations from the 𝜆-calculus to interaction
nets. Finally, we gave an initial numeric estimate of the performance using sev-
eral example programs. Since tokens may never leave the monadic construct,
the token-passing semantics does not interfere with reduction. Our benchmarks
confirmed this theory, as the potential for parallelism remains high for our set
of test programs.

Direct Style The second approach to the token-passing semantics aimed for a
more intuitive syntax by orienting on imperative programming languages. We
argued how token-passing can also be seen as an implicit world-state passing
style. Since the direct style does not have syntactic constructs restricting the
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potential for side effects, all terms were then assumed to be effectful. The pre-
sented token-passing semantics correspondingly visits every term once, leading
to a token-passing overhead. We derived a runtime inference of action potential
by making use of the rotating redirector agents. We furthermore argued how
agents make the relation between the direct and monadic style obvious, as the
agents behave almost equivalently. Our preliminary practical results confirmed
its properties: The direct style without inference effectively linearizes the entire
reduction, thus barely having any available parallelism. The inference then re-
gains some parallelism via inference interactions, which result in less total inter-
actions and iterations. Still, in general the direct-style semantics requires more
interactions than the monadic style, as the inference procedure by itself results
in a token-passing overhead.

8.2 Future Work
Formalizations In this initial work we were unable to provide formal proofs
of most discussed properties. In the aspect of correctness, proofs of our token-
passing semantics and inference semantics would allow further use in produc-
tion code. This comes in addition to the requirement of general estimates of
efficiency and interaction overhead. Those are especially relevant for formal-
izations of effectful optimality and whether our proposed solutions fulfill these
formalizations.

Type Systems We have argued several times how type systems could be used
to improve upon our work. In Λeff, assigning types to data could provide a veri-
fication beyond only checking whether the arity of an action is respected. Types
could further allow overloading actions to different behavior. In the monadic
style, types are technically required for the fulfillment of the monad laws, as
otherwise the return of a cotoken may not be guaranteed. It further requires
investigation how such necessity for returning tokens may be described in a
type system. In the direct style, we have provided a proof-of-concept runtime in-
ference algorithm. With the addition of a typed effect system [34] such inference
could be accomplished more elegantly, possibly yielding even more potential for
parallel reductions.

Communication Contrary to the 𝜆-calculus, interaction nets allow connec-
tions between arbitrary parts of a net. In the context of fork agents, we ar-
gued how such connections may be used to establish communications between
threads. Developments in the area of the 𝜋-calculus and other process calculi
seem like a promising area of research which could benefit from interaction nets.
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Specifically projects such as 𝜆(fut) [48] aiming to merge features of process cal-
culi into the 𝜆-calculus, seem relevant. As we have introduced actions also as a
way of communicating between different computers—say by receiving functions
as terms from the internet—future research could investigate how wires of inter-
action nets may be established between remote connections such that they can
keep interacting along this wire.

Abstract Machines Abstract machines model the execution of computational
models such that they can be analyzed easier, while also allowing translations
to hardware or simulations. As abstract machines sometimes use evaluation “to-
kens” to track the reduction state [30], integration of our work could allow ele-
gant notions of executing actions in suchmachines. Futurework could further in-
vestigate reduction and execution via existing parallel and concurrent machines
for interaction nets [49, 50]. The relation to the work on Geometry of Interac-
tion (GoI) [39] should also be investigated, as it also uses token-like traversal on
a graph-like model of computation. GoI allows for abstract machines even with
embedded Call-by-Value semantics [40, 41].

As the linear substitution calculus is also deemed to be an optimal reduction
system [51], it would be interesting to see whether our notion of effects could be
integrated in its abstract machines [52] as well.

Power of Actors As described, actors provide an elegant way of interacting
with the Real World. We have only used this functionality for embedding side
effects. Yet, we believe that actors may be useful beyond that. For one, the
agents proposed by Salikhmetov [23] used for “embedded read-back” could be
translated to actors. This way, the direct-style token-passing semantics could
yield the read-back normal form of a 𝜆-term directly via side effect, with multi-
ple tokens requiring an additional kind of output synchronization. In fact, any
related process implemented via a term-traversing evaluation function may be
translated to actors with a matching token-passing semantics.

Efficiency The goal of our implementation was not efficiency but accuracy.
Future work should investigate the efficient implementation of our proposed
agents and interactions. Current work on efficiency is dominated by theHVM [4]
as it targets the GPU. It uses a small set of agents allowing sophisticated optimiza-
tions. As we have argued about the irrelevance of built-in agents using the power
of actors, efficient integration of such actors could provide further optimiza-
tions. We imagine an implementation where each actor resembles rawmachine
code such that the execution initiated by a token is only a matter of assigning
the program pointer of the attached thread to the respective code snippets. The
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strict sequentiality required to execute multiple snippets of machine code can
only be guaranteed by our very strict separation of pure and impure code.

Real-Time We have argued in our propositions of strong confluence how it
only holds generally when the precise point in time of execution is ignored.
This is because without prescribing a certain reduction order, reductions of non-
effectful active pairs (such as garbage collection) can be prioritized—thus delay-
ing the execution of actors. For tasks requiring real-time interaction with the
RealWorld, the latency of execution in parallel reduction should be as minimal
as using a sequential reduction method. Future research should go into regain-
ing some guarantee of real-time execution, for example by prioritizing reductions
maximizing the passing of the token agent in a deterministic manner.

Oracle As discussed in section 1.3.6, an oracle is required to support all terms
of the 𝜆-calculus. Although we do not see any reason in how the addition of such
an oracle may conflict with our addition of side effects and tokens, we have not
demonstrated as such. The addition of delimiter agents and labels as proposed by
van Oostrom; van de Looij; Zwitserlood [12] would be the straightforward way
of doing so. However, our use of tokens enables the applicability of a recent
approach by Salikhmetov [23]: There, an eval agent resembling Sinot’s token is
used in combination with a “waiting construct” to provide 𝛽-optimality.

8.3 Conclusion
In this thesis we explored the question of embedding sequential execution in the
otherwise non-sequential system of interaction nets, while also considering the
optimality property. We set the focus on an effectful extension of the 𝜆-calculus
that we translated to interaction nets. We further aimed for realistic use cases by
developing a minimal programming language.

While doing so, we provided a token-based understanding of the execution
of effectful terms. This token-based approach allows parallel as well as sequen-
tial execution independent of reduction. We have presented ways of explicitly
initiating parallel execution, corresponding to either racing or joining threads.
In comparison to existing work, our approach is flexible in the number of argu-
ments, implementations, reduction strategies, and available parallelism.

We derived two token-passing semantics which may be used for executing
effectful terms in a specific order. Both of the approaches have respective limita-
tions and benefits. The monadic style comes with a syntactic overhead, while
the direct style initially results in more interactions and less parallelism. By
translation to interaction nets we have found strong similarities between both
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approaches, effectively differing in only one interaction rule. The direct style
emerges from generalizing the monadic agents to all token-redirecting agents.
The lost parallelism can then be regained by inferring the rotation of agents con-
nected to pure or effectful agents. We demonstrated this behavior in practice by
evaluating and comparing the individual approaches.

Regarding optimality, we have not left the paradigm of the interaction nets—
thus maintaining existing results of 𝛽-optimality. We further discussed an initial
notion of optimality in the context of side effects, therefore establishing the con-
cept of sharing effectful terms when they are asynchronous, idempotent, and
orthogonal.

In summary, our method of sequentializing execution is considered feasible
and merits further investigation.
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Appendix A

Implementation & Usage

In this chapter we describe our implementation of parts of the presented lan-
guages from a high-level perspective. We further provide information on how to
use the included tools and reproduce our results.

The full implementation can be found on:

• https://github.com/se-tuebingen/thesis-optimal-effects/tre
e/main/impl (submitted)

• https://github.com/marvinborner/optimal-effects/tree/bach
elor (public)

A.1 Usage
The implementation is written in Haskell and uses the Cabal package manager.
Therefore, the installation of GHC and Cabal is required. We have used GHC
9.10.1 and Cabal 3.10.3.0 for development and benchmarking. The project re-
quires a GHC version greater than 9.8.1. In order to use the visualizations, the
libraries of the OpenGL utility toolkit are required (e. g. freeglut3-dev).

To install, type in a POSIX shell:

cabal build # to build the project
cabal run opteff-exe -- --help # to show the help screen
cabal install # to install `opteff -exe`

Programs written in Lsim can be parsed by piping into stdin:

cat samples/direct/fac.front | cabal run opteff-exe
cat samples/direct/fac.front | opteff-exe

There exist three possible modes:
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-v,--visualize Visualize reduction interactively (default).
-b,--benchmark Benchmark reduction until normal form.
-c,--count Count iterations until normal form.

The target language can be set using -t,--target and must either be “direct”
or “monad” (defaults to “direct”). If the direct-style semantics are chosen, the
-i,--infer flag specifies whether runtime inference of action potential should
be used (section 7.4.4).

As the token-passing semantics must be specified, the samples from chapter 4
may be tested using the “monad” target. As long as the monadic constructs are
not used, the “monad” target corresponds to the effectful agents in chapter 5 and
does not enforce any token-passing semantics.

The benchmark mode allows the use of two additional flags:

-r,--random Apply rules in random order.
Should result in constant interaction counts.

-p,--parallel Simulate parallel reduction by applying rules
exhaustively instead of once.
Counts all possible parallel reductions as 1.
Will not have constant interaction counts with -r.

A.2 User Interface
We use the same user interface as used by Rochel [11], extended with our ad-
ditional agents and some visual enhancements. The window opening when
--visualize is used consists of:

Rule Tree at the top left. All nested rules will be applied upon right-clicking
an element of the tree. By left-clicking, all matching active pairs will be
highlighted in red.

Canvas at the rest of the window. You can zoom in or out using the scroll-wheel.
You can move the canvas by left-clicking while moving the mouse. Any
agent can be moved around by left-clicking. Any highlighted active pair
can be reduced by right-clicking.

Pausing Pressing space or right-clicking pauses the animation.

Agents As presented in section 1.2. Principal ports are marked with a circle.
They can be at any port instead of only at the top.
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Figure A.1 The user interface, visualizing listing 4.

A.3 Structure
We have forked the graph-rewriting library by Rochel [53]—also used by Lamb-
dascope [11]. The code related to the pure, deterministic parts of interaction nets
and the pure 𝜆-calculus, as well as the graph rewriting and UI code were in part
written by Rochel [11] for Lambdascope. Such files or code snippets are marked
accordingly.

The modules in the src/ directory are structured the following way:

GraphRewriting The fork of graph-rewriting [53].

Data.View An internal data structure of the GraphRewriting library.

Data.Lambda The effectful 𝜆-calculus defined in definition 3.1 and defini-
tion 6.2.

Data.Direct The direct-style interaction net Σpdir defined in definition 7.6.

Data.Monad The monadic-style interaction net Σpmon defined in definition 6.5.
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Data.Front The frontend language defined in definition 4.1.

Data.Effects The definitions and data structures for built-in effects.

Language.Direct.GL The graphics definitions for the visualizer of Σpdir.

Language.Direct.Reducer The high-level reduction functions of Σpdir.

Language.Direct.Rules The interaction rules of Σpdir defined in section 7.4.2.

Language.Monad.GL The graphics definitions for the visualizer of Σpmon.

Language.Monad.Reducer The high-level reduction functions of Σpmon.

Language.Monad.Rules The interaction rules of Σpmon defined in section 6.4.

Language.Generic.Effects The handling of the built-in side effects, mocked
by returning constant data.

Language.Generic.Nodes The declarations of generic agents existing in both
the direct and monadic style.

Language.Generic.Rules The generic interaction rules of Σpol defined in def-
inition 1.11.

Language.Lambda.Transformer.Direct The translation of Λeff to Σpdir de-
fined in definition 7.7.

Language.Lambda.Transformer.Monad The translation of Λmon to Σpmon de-
fined in definition 6.7.

Language.Front.Transformer.Lambda The translation of Lsim (and Lmon)
to Λeff (and Λmon) defined in definition 4.2 (and definition 6.6).

Language.Front.Parser The parser for the syntax of Lsim defined in defini-
tion 4.1.

We have not implemented token-passing semantics for Λeff or Λmon.
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A.4 Tests & Samples
The presented code has corresponding implementations in samples/, as shown
in table A.1.

listing 4 nopassing/dependent.front
listing 5 nopassing/angelic_pong.front
listing 6 direct/read_join.front
listing 7 (not implemented)
listing 8 nopassing/ffi_local.front
listing 9 monad/static_two.front
example 6.9 monad/repl.front
listing 11 direct/fac_interactive.front
figure 7.5 direct/repl.front

Table A.1 Code listings and their corresponding implementations in samples/.

We provide <file>.check files for most samples. Their content corresponds
to running opteff-exe --bench [--infer] --target <direct|monad> respectively.
The ./test shell scripts in the samples/* directories run the samples and com-
pare the outputs. Additionally, the samples get executed repeatedly using the
--random flag in order to verify strong confluence.

The benchmarks used in section 5.7, section 6.7, and section 7.5 are found in
the bench/ directories.

A.5 Differences
The implementation diverges from our specifications in several ways:

Semicolons The Lsim language (.front) does not support semicolons as state-
ment delimiter. It uses newlines instead.

Mocking All side effects are mocked and deterministic. readInt will always
return the same number, for example. The interpreters of the evalLang
action are executed using unsafePerformIO and are therefore expected to
behave deterministically as well.

Pure Data All constant data in Lsim is translated directly to data instead of
(asynchronous) actions. This is possible because ofmocking and our high-
level interpretation. Code for Lsim in .front files does not require the
use of “!”. We therefore do not count the additional interactions in our
benchmarks.
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Determinism As our entire implementation is deterministic, race will always
return the leftmost thread returning a cotoken during benchmarking.
Even when interaction rules are applied in random order (--random), the
active pairs will still be reduced in a fixed order.

Polarization The implementation does not use the concept of polarization. In-
stead, agents of different polarization are encoded as different agents en-
tirely, or by having an additional property (e. g. direction :: AppDir for
redirectors, or exec :: Bool for monadic binds)

Forks Our forks do not use auxiliary agents as proposed in section 5.5. In-
stead, we exploit the flexibility of the graph-rewriting library and reduce
the conjunctive fork only when two cotokens are connected—which is
not otherwise a valid interaction rule.

Recursor The implementation uses different agents for actors expanding to
recursive nets—the recursor. This is because recursors hold a boxed
𝜆-term, which is not compatible with the way we store side effect instruc-
tions in actors. We have not implemented the additional transformations
for the direct style discussed in section 7.4.5. In our implementation, the re-
cursor always expands to a pre-reduced net, as defined by prereduceRules
in irect,Monadsrc/Language/D/Rules.hs.

Anonymous Functions The .front files support a syntax for anonymous func-
tions. Abstractions are written as [𝑀]. The abstraction can be referred to
by de Bruijn index, written as $𝑛. For example: ⟦[[[$2 ($1 $0)]]]⟧ =
𝜆𝑓 𝑔𝑥.𝑓 (𝑔 𝑥).

Force The force symbol “!” always translates to two tokens, even if an asyn-
chronous action does not reflect any token.

Asynchronous If By default, all if expressions are thunked and applied with
a unit as discussed in section 4.2. In the direct style, this prevents both
sides of the branch being evaluated regardless of whether it is true or false.
If instead both sides should be executed, .front files support if! expres-
sions, which translate directly to Church conditionals. We only have this
difference in the implementation as we translate Lsim to Λeff independent
of the selected semantics.
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Parts of this work were submitted and accepted to the 30th ACM International
Conference on Functional Programming 2025 Student Research Competition (ICFP
2025 SRC) in form of an extended abstract.
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