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Scale Invariant Analysis

• Scale invariant for weight in a normalization layer

Linear (W) nonlinearNormalization

Applies also for LN or weight normalization 

[Ioffe and Szegedy, ICML 2015; Ba et al, 2016] 



Scale Invariant Analysis
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• Stabilize training in a 
network
– Scale dynamics for a 

network

Layer-wise Conditioning Analysis in Exploring the Learning Dynamics of DNNs [Huang et al, ECCV 2020] 



Scale Invariant Analysis

• The auto-tuning effects of learning rate

𝑓(𝜆𝒘) = 𝑓(𝒘)

< 𝒘,
𝜕𝑓(𝒘)

𝜕𝒘
>= 0 ∥ 𝒘𝒕+𝟏 ∥𝟐

𝟐=∥ 𝒘𝒕 ∥𝟐
𝟐 + 𝜂2 ∥

𝜕𝑓(𝒘)

𝜕𝒘
∥𝟐
𝟐

𝜕𝑓(𝜆𝒘)

𝜕𝜆𝒘
=
1

𝜆

𝜕𝑓(𝒘)

𝜕𝒘

𝒘 𝜕𝑓(𝒘)

𝜕𝒘

Scale invariant

Weight update:

𝒘𝒕+𝟏 = 𝒘𝒕 + 𝜂
𝜕𝑓(𝒘)

𝜕𝒘
[Neyshabur et al, ICLR 2016; Salimans et al, NeurIPS 2016; Sun et al, AAAI 2020] 



Scale Invariant Analysis

• The auto-tuning effects + weight decay
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Equilibrium

[Laarhoven et al, 2017; Huang et al, 2017; Arora et al, ICLR 2019] 



Improved Conditioning in Optimization

• The full Hessian spectrum

An Investigation into Neural Net Optimization via Hessian Eigenvalue Density [Ghorbani et al, ICML 2019]

The eigenvalue comparison of the Hessian of the VGG 

network with BN (blue) and without BN (red)



Improved Conditioning in Optimization

• The Layer-wise spectrum
– Covariance of layer input Σ𝑥
– Covariance of output-gradient Σ∇ℎ

– Criteria 2: Σ𝑥 and Σ∇ℎ are well conditioned (in layer)

Layer-wise Conditioning Analysis in Exploring the Learning Dynamics of DNNs [Huang et al, ECCV 2020] 



Theoretical Analysis under Assumptions

• Theoretical accelerated converge of BN on learning half-space 

with Gaussian inputs [Kohler et al, AISTATS 2019]

• Mean field theory of batch normalization 

– Yang et al, ICLR 2019

– Wei et al, 2019

• Global convergence results for two-layer NN with ReLU and 

weight normalization [Dukler et al, ICML 2020]
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The stochasticity

• Introduced Stochasticity

– During training

– During inference

෠𝑋𝑚 =
𝑋𝑚−𝜇𝑋𝑚
𝜎𝑋𝑚

𝑋𝑚~ 𝐷𝑎𝑡𝑎𝑆𝑒𝑡

Population statistics { ො𝜇, ො𝜎}: 

Ƹ𝜇 = 1 − 𝜆 Ƹ𝜇 + 𝜆𝜇𝑋𝑚
ො𝜎 = 1 − 𝜆 ො𝜎 + 𝜆𝜎𝑋𝑚



Quantitively Evaluation

Empirical SND:

• Stochastic Normalization Disturbance (SND)

~ Dataset

Iterative Normalization: Beyond Standardization towards Efficient Whitening [Huang et al, CVPR 2019] 



Qualitatively Visualization

BN PCA ZCA CD

• Stochastic outputs combining different mini-batches for 

different batch whitening

An Investigation into the Stochasticity of Batch Whitening [Huang et al, CVPR 2020] 



Investigation into the Stochasticity

• Stochasticity related to batch size and dimension

– Increased SND with increasing dimension and decreasing batch size 

– SND: PCA>CD>ZCA>BN

– PCA has nearly same large SND among batches

An Investigation into the Stochasticity of Batch Whitening [Huang et al, CVPR 2020] 



Investigation into the Stochasticity

• Controlling the stochasticity of BW by groups

An Investigation into the Stochasticity of Batch Whitening [Huang et al, CVPR 2020] 



Theoretical Model
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Consider an example 𝑥, 

mini-batch output:

• Assumption: X is approximately normal distribution with 

population statistics ( ො𝜇, ො𝜎), 𝑋𝑚 is i.i.d sampled
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[Teye et al, ICML 2018; Shekhovtsov and Flach, ACCV 2018; Yong et al, ECCV 2020] 

https://arxiv.org/search/cs?searchtype=author&query=Shekhovtsov%2C+A
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Revisiting the Constraint of Normalization

• The large group problem of GN • The small-batch problem of BN/BW

Group Whitening: Balancing Learning Efficiency and Representational Capacity [Huang et al, CVPR 2021] 



Revisiting the Constraint of Normalization

• Feature representation in a layer

Group Whitening: Balancing Learning Efficiency and Representational Capacity [Huang et al, CVPR 2021] 



Revisiting the Constraint of Normalization

• Constraints as a system of equations:
Υ𝜙( ෠𝑋)

Υ𝜙𝐵𝑁
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• Constrain number 𝜁(𝜙; 𝑋): the number of equations in Υ𝜙( ෠𝑋)

Group Whitening: Balancing Learning Efficiency and Representational Capacity [Huang et al, CVPR 2021] 



Summary

Representation

Optimization

Generalization

BN
Introduced stochasticityImposed Constraints

Scale invariant property Improved conditioning



Challenges and Opportunities

• Theoretic analysis of DNN itself is difficult

• Normalizing activations make theoretic analysis of DNN challenging

– Ruin the assumption of  representation analysis tools

– Data dependent 

• Normalizing weight attribute to theoretic analysis of DNN

– Pros: Lipschitz constant can be controlled/bounded during training by 
normalizing the weight

• Certificated defense against adversarial attacks [Tsuzuku et al, NeurIPS 2018]

• Theoretically analyzing DNNs generalization [Bartlett et al, NeurIPS 2017]]

– Challenges: normalizing weights is still not as effective as normalizing 
activations in practice [Huang et al, CVPR 2020; Brock et al, ICLR 2021]


