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Introduction

Suppose we would like to minimize (or maximize) a function of n variables x = (x1,...x,) subject to p
constraints of the form

minimize f(z)
subject to
gi(z) =1
ga(r) = ca
9p(2) = ¢p
where f,g1,...,gp are continuous and have continuous second derivatives. When these functions are

linear, the problem is called a linear program and is solvable using algorithms such as the simplex
algorithm (most commonly used) or interior point methods (for worst-case polynomial time). We wish
to examine the case where these functions are nonlinear.

For example, consider the following problem where p = 1 and f is quadratic

minimize E z?
subject to

n
Zl’i =1.
i=1

A first approach might be to differentiate f with respect to x; and set the derivative to 0:

of
Bxi

=0, 1<1<n.

This gives the optimum of the function but ignores the constraint, and leads to x; = 0 which is incorrect
(the constraint is violated). Using Lagrange’s method, we can solve the problem by introducing p new
variables called Lagrange multipliers and solve a larger system of equations.

Lagrange’s method

In order to solve the optimization problem, we define a Lagrangian
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p

L=f(z)+ Z)\i(gi(x) —¢i)

i=1

where Aq,...,\, are new variables that we introduce into the system called Lagrange multipliers. If £
is concave/convex, we can then find the solution x by solving the system of equations

oL

= 1< <
0z, 0,1<1<n
oL

= <1<
on 0, 1<i:<p

This system has n 4+ p equations and n 4+ p unknowns. Fortunately this system is often not too
complicated to solve.

Single-constraint example

Let us apply this to our example from before. We define our Lagrangian

L= ixf —&—)\(ixi -1)
i=1 i=1

and then calculate its derivatives and set them to 0

oL
5‘:31-

L
- = .Ti—lzo.
o =2

=2r;+A=0

Thus from the first equation, we find x; = —%. If we plug this into the second equation we get

3

Now we plug this value for A back into our equation for z;, and it follows that z; = 1/n for 1 < i < n.

Multiple-constraint example

Solving optimization problems with multiple constraints is the same method as with single constraints
except we get a larger system of equations to solve.

Suppose we wish to solve the following minimization problem:
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minimize E x2

subject to
1+ 2w +23 =1
xr3 — 2x4 + x5 = 6.

As with before, we set up our Lagrangian and find the derivatives
5

[:221‘?-‘1-/\1(371+21‘2+1}3—1)—|—/\2($3—2$4—|—1‘5—6)
=1

a 5
oz (fo +)\1(.131 + 229 + x3 — 1) +/\2($3 —2x4 + 75 —6)) =0

i=1

This tells us that 221 + Ay =0, 220 +2X1 =0, 223+ A1 + A2 = 0, 224 — 25 = 0, and 2x5 + Ay = 0.
We also know

oL
87)\1:.1314—2.1'2—’-333—1:0
oL
TAQ:IES_2.’L‘4+$5_6:0.

If we take the first three equations and plug them into the first constraint we get 2 4 6A1 + Ao = 0.
Taking the last three equations with the second constraint gives 124+ A\; +6Ao = 0. If we solve these two
equations for \; and Ay we get A\ = 0, \o = —2. This implies z1 =22 =0, z3 = x5 = 1, and 4 = —2.

Notice that % will always just give back the constraints, so instead we can just plug into the constraints
directly. '

General strategy

The general strategy for solving an optimization problem with Lagrange’s method is outlined below:

o Write the Lagrangian £ = f(z) + >_.0_, XNi(gi(z) — ¢;).

« Find 2%

» Solve these equations for x; in terms of Ay, ..., Ap.

e Plug these values for x; into the p constraints

e Solve the system of p variables and p unknowns for \;; 1 <i < p.

e Plug values for \; back into the equations for x; that were written in terms of A;.

Maximizing entropy

Discrete example

Consider a random variable X with k discrete possible values z;,1 < ¢ < k and where the probability
that the event x; occurs is P(X = x;) = p;. Recall that the entropy H of such a random variable is
defined as
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k
H(X) = (~lnp)) = = 3 pilnp;
=1

Using the method of Lagrange multipliers we can find the probability distribution p; that maximizes
the entropy given some constraints.

Consider the following problem: given a half-bounded discrete random variable whose state space
consists of the non-negative integers and with mean (X) = p, find the probability distribution that
maximizes the entropy of X.

We first formulate the problem as an optimization problem where we maximize the entropy while
demanding that the probabilities sum to 1 and the mean is u:

maximize H(X)

subject to

oo
> pi=1
i=0
oo
Z ip; =
i=0

Now we can write our Lagrangian:

L= _Zpilnpi + A <ZPZ - 1) + A2 (lez —/i)
0 i=0 i=0

We differentiate with respect to p; and set the expression to 0, which gives

oL
Op;

=—Inp;, — 14+ X1+ Xi=0

Inp; = =14+ X + Aot

p; = 671+)\1+)\2i
P = .

Let us now plug this value back into the first constraint

o0

Ze—l-‘r/\l-‘r)\gi — 1

“om o !

e =Ml

Now plug our value for p; into the second constraint

oo

E 7;671“!’)\1“1’)\21- — ‘[L
1=0

e)\1+)\271
(e 1)

M = uek)‘z (eAQ — 1)2.

=p
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Plug in our value for e*? and solve and we get

AN €
et = .
w1

We can now also solve for Ay by plugging this in

1
M=o il =o— 41,

— e "+
p+1 pw+1

We now take these values for A\; and Ay and plug into our expression for p;

pi = 671+)\1+>\2i
P =

pi — 6716)\1 (6/\2)i

1 e 1 41 '
bi p+1 pw+1
(59 G2)

! p+1)\p+1

pi=p (p+ 1)

This is the final expression for the probability distribution with maximized entropy.

Continuous example

Recall that the differential entropy H of a continuous random variable X whose support is X with
probability density function p(x) is defined as

H(X)= —/Xp(m) Inp(z)dz.

Using the method of Lagrange multipliers we can find the probability distribution that maximizes
entropy given certain constraints.

Consider the following problem: given a half-bounded continuous random variable X defined for
x € [0,00) with mean p, find the probability distribution that maximizes the entropy X.

We first formulate the problem as an optimization problem where we maximize the entropy while
demanding that the density function sums to 1 and the mean is u:

maximize H(X)

subject to

Now we can write our Lagrangian:
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Llp(@)] = — /0 " (@) np(a)ds + A ( /O " p(@)da — 1) o ( /O "~ ap(a)da — u) .

Variational calculus tells us that when we differentiate with respect to a function, we can remove the
integrals. This makes sense intuitively because the integral is a sum and all the terms different from
p(zx) vanish (see the discrete example above). Differentiating gives

%:—lnp(sc)—l—i—)\l—&—)\gxzo.

This gives
— 671“1’)\1 +Aox .

p(x)

When we apply the two constraints, we get an exponential function
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